Mathematica 11.3 Integration Test Results

Test results for the 78 problemsin "1.1.1.6 P(x) (a+b x)*m (c+d x)"n
(e+f x) p.m"

Problem 61: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+bx Ve+rdx VesrFfx (A+Bx+Cx?) dx

Optimal (type 4, 1182leaves, 10 steps):
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- [d+ ('F+7 +|31ab°Bd*ef
d a+bx a+bx

-be+af

_ -bc+ad
d d(-be+af)
1- ————— EllipticF|i ArcSinh| ] ] /

f (a+bx) Vaibx  (-bcwad)f
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-bc+ad bc-ad be-af 3 3 "
el [d+— [f+7 -|81b°c’Cdf
d a+bx a+bx
_ -bc+ad
-be+af o . . d d(-be+af)
1- ————— EllipticF[i ArcSinh] s ] /
f(a+bx) a+bx (—bc+ad>f
-bc+ad bc-ad be-af
2T (d+ [F+7 12ib3Bc2d?
d a+bx a+bx
_ -bc+ad
-be+af L. . . d d(-be+af)
1-———— ElllpthF[JlAr‘CSIHh[ , /
f(a+bx) a+bx (-bc+ad) f
-bc+ad bc-ad be-af
_2¢trdd [d+7 [-F+7 - |3iab®c?cd®*f*
d a+bx a+bx
_ -bc+ad
-be+af o ] d d(-be+af)
1-—— ElllpthF[jAr‘cSmh[ ], /
f (a+bx) Ja+bx (-bc+ad) f
-bc+ad bc-ad be-af ) 3 3 e
- [d+ ('F+7 - 1211 Ab°cd’ f
d a+bx a+bx

-be+af

_ -bc+ad
d d(-be+af)
1- ————— EllipticF|i ArcSinh| ] ] /

f (a+bx) Vaibx  (-bcwad)f

| 17
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-bc+ad bc-ad be-af . ) 3
7" [d+— [f+7 +|31ab“Bcd’f
d a+bx a+bx
_ -bc+ad
-be+af d d(-be+af)
1- ————— EllipticF[i ArcSinh] s ] /
f(a+bx) Ja+bx (—bc+ad>f
-bc+ad bc-ad be-af ) > 4 ca
. (m [F+7 +|a2iaAb2dtf
d a+bx a+bx
_ -bc+ad
-be+af d d(-be+af)
1- ————— EllipticF[iArcSinh] ]» /
f(a+bx) Va+bx (-bc+ad) f
-bc+ad bc-ad be-af
bered (g beoad) beaf) |
d a+bx a+bx
_ -bc+ad
L, 4 ca -bc+ad -be+af L . . d
24ia’bBd*f* [1-———— [1-——— EllipticF[iArcSinh[———],
d(a+bx) f (a+bx) Va+bx
d(-be+af) -bc+ad bc-ad be-af
dlverer))) | | berad iy, e +
(-bc+ad) f d a+bx a+bx
_ -bc+ad
3 aea -bc+ad -be+af o _ . d
16ia’Cd*f* ([1- ———— [1-———— EllipticF[iArcSinh|———],
d(a+bx) f(a+bx) Va+bx
d(-be+af) ~bc+ad bc-ad be-af
dlverar))) | | berad fiy, i
(-bc+ad) f d a+bx a+bx




Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)p.nb | 19

Problem 62: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/C+dx \/e+-Fx <A+BX+CX2> 4
X

Vva+bx
Optimal (type 4, 774 leaves, 9 steps):

_WZ(deF(BaC(de+cf)+b(cCe—7Ad-F)) -
105

(2bde-bcf+4adf) (6aCdf-b (7Bdf-4C (de+cf))))VJa+bx Jc+dx Ve+fx -
2 (6aCdf-b(7Bdf-4C(de+cf)))/a+rbx Jcrdx (e+fx)*?
35b2d f?
20aThx (cedx)¥? (e fx)>? .

7bdf

+

105b*d*/2 £2/crdx | Bl
e-a

2+/-bc+ad [Bbdf(Sbcf (BaC (de+cf) +b (cCe—7AdF)> -

(bce+ade+3acf) (6aCdf-b (7Bdf-4C (de+cf))))+
bde
|
2

- (bc+ad) -F) (5bdf (3aC(de+cf)+b(cCe-7Adf)) -

(2bde-bcf+4adf) (6aCdf-b(7Bdf-4C (de+cf))))

b d ~/ bc-ad) f
M e+ fx EllipticE[Ar‘cSin[\/? arbx P (bc-ad) ] -
bc-ad V_bc+ad d(be-af)

2+/-bc+ad (be—af) (de-cf) (24a2Cd2f2+abdf(13Cde—5cC1’—288d-F)—

b(c+d b(e+f
b? (7df(ZBde—Bc-F—5Adf)—C(Sdzez—cdef—4c2f2)))\/ b(c+ :> J b(e+ :>
c-a e-a

\Jd VJa+bx (bc-ad) f
Jbcrad d(be-af)

EllipticF [Ar‘cSin [

] /(195b4d5/2f3\/c+dx Ve fx |

Result (type 4, 7297 leaves):

va+bx Ve+dx Verfx
1
105 b? d? 2
7b°Bcdf?-5abcCdf?+35Ab°d* 2 -28abBd* f*+24a%>Cd* ) +
2 (bCde+bcCf+7bBdf-6aCdf)x 2cx2

+ —

35b2df 7b

2 (-4b’Cd’e*+2b’cCdef+7b’Bd’ef-5abCd’ef-4b*c?Cf*+
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1 1

2
105 b®> d? £2 ad ot
(a+bx) (d-—— (a+tb x) (f-——
df./c+ ) e+ P

(—8b3Cd3e3+5b3ch2e2f+14b3Bd3e2f—9ab2Cd3e2f+5b3czcde-Fz—
14b3Bcd’ef?+8ab’cCd’ef?-35Ab>d>ef?+21ab’Bd3ef?-16a’bCd3ef?-
8b3c*CFf+14b3Bc?dfP-9ab?>c2Ccdf?-35Ab3cd*f3+21ab?Bcd?f3-
16a’bcCd?f*+70aAb?d* > -56a’bBd>f> +482°Cd* f?) (a+bx)*?

bc ad ) be af 1

d+ - f+ -
df./c+ N e+ .

+

a+bx a+bx a+bx a+bx

(-bc+ad) (-be+af) (a+bx) [d+ bc _ad

a+bx a+bx

be af
f+ -

a+bx a+bx

_ -bc+ad
d

, -bc+ad -be+af L. ) .
gib*cd®e®f |1- ———— [1-————— |EllipticE[iArcSinh| ]»
d(a+bx) f (a+bx) Va+bx
_-bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
bc-ad be-af 3 )
-be+af) (d+ (f+— - |5ib*cCd
a+bx a+bx
_ -bc+ad
-bc+ad -be+af . . . d
e2f2 |1- 1- EllipticE|[i ArcSinh|[ ———],
d(a+bx) f (a+bx) Va+bx
_ -bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF|i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
be-af

a+bx
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]5

-bc+ad
3o 43 2 2 -bc+ad -be+af L ) . \/ d
14ib*Bd®e?f? [1- ——— [1-——— [EllipticE[i ArcSinh| ———

d(a+bx) f(a+bx) vJa+bx

_-bc+ad
d(-be+af) d d(-be+af)
——————| ~EllipticF i ArcSinh| ] //
(-bc+ad) f Jarbx (-bc+ad) f
-bc+ad bc-ad be-af )
-— (—be+af) [d+ (f+ +|91ab?cd?
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af .. . . d
e2f2 [1- 1- E111pt1cE[1Ar‘c51nh[7},
d(a+bx) f(a+bx) Va+rbx
_ -bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF[i ArcSinh| P /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (be+af)\/(d+ ('F+ -
d a+bx a+bx

-bc+ad
s 3 -bc+ad -be+af L . . \/ d
5ib3c®’Cdef® |[1-——m— [1-—— ElllpthE[lAPCSIHh{i],

d(a+bx) f (a+bx) Ja+bx

_ -bc+ad
d(-be+af ‘ d(-beraf)
7}_EllipticF[jAr‘cSinh[ P ] /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af .
[ —— (—be+af)\/(d+ ('F+ +|14ib’Be
d a+bx a+bx
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_ -bc+ad
s 3 -bc+ad -be+af d
d e f 1-—— 1-——— EE——

EllipticE i ArcSinh|
d (a +b X)

f (a+bx) Jaibx

]

_ -bc+ad
d(-b f d d(-b f
w}EllipticF[jArcSinh[ | [-be-a >] /
(-bc+ad) f Jaribx (-bc+ad) f
-bc+ad bc-ad be-af )
-— (7be+af) (d+ ('F+ - |8iab?ccC
d a+bx a+bx
_ -bc+ad
s 3 -bc+ad -be+af o . . d
d*ef® [1- ———— [1- ———— |EllipticE[iArcSinh[——],
d(a+bx) f (a+bx) Va+bx
_ -bc+ad
d(-be+af) d d(-be+af)
——————"| - EllipticF[i ArcSinh]| ] /
(7bc+ad)f a+bx (7bc+ad)1C
-bc+ad bc-ad be-af
- (—be+af) (d+ ('F+ +
d a+bx a+bx

s

-bc+ad
33 .3 -bc+ad -be+af Lo . . \ d
351iAb*d*ef® [1- ——— [1- ——— |EllipticE[iArcSinh|[——

d(a+bx) f (a+bx) Jaibx

_ -bc+ad

d(-be+af) d d(-be+af)
——————| - EllipticF|i ArcSinh| ) ] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af ,
-— (—be+a-F) (d+ ('F+ -|211ab%B
d a+bx a+bx
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_ -bc+ad
-bc+ad -be+af . . . . ¢
def® [1-——— [1-———— |EllipticE[iArcSinh| ———],
d(a+bx) f (a+bx) Jatbx
_ -bc+ad
d(-be+af) o ) d d(-be+af)
7} - EllipticF [J‘L Ar‘c51nh[ ], ] /
(-bc+ad) f Jaribx (-bc+ad) f
-bc+ad bc-ad be-af
-— (—be+af) (d+ ('F+ +
d a+bx a+bx
leialbcdief’ 1. -bc+ad -be+af
a+bx a+bx
_ -bc+ad
(-be+af)
EllipticE Ar‘c51nh
JVa+bx <bc+ad)f
_ -bc+ad
d d(—be+af)
EllipticF[i ArcSinh| ] /
Va+bx (—bc+ad)f
-bc+ad bc-ad be-af
-——— (-be+af] (d+ (f+ +
d a+bx a+bx
_ -bc+ad
3 3 ca -bc+ad -be+af L , . d
8ib3>c3CF 1- EllipticE[i ArcSinh| ———],
(a+bx) f (a+bx) Ja+bx
_ -bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF|i ArcSinh| B ] /
(-bc+ad) f Jarbx (-bc+ad) f
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-bc+ad bc-ad
-———— (-be+af) [d+
d a+bx
_ -bc+ad
s o iea -bc+ad -be+af L . . d
14ib’Bc?df* [1-———— [1-——— |EllipticE[iArcSinh|[——

be-af
(‘F+

a+bx

d(a+bx) f (a+bx) Jaibx J

-bc+ad
d(fbe+af) d d(fbe+aﬂ
———————] - EllipticF[i ArcSinh| » ] /
(-bc+ad) f Va+ibx (-bc+ad) f
-bc+ad bc-ad be-af
[/ (be+af)\/(d+ (f+ +
d a+bx a+bx

s

-bc+ad
o . -bc+ad -be+af L . . \/ d
9i1ab“c°Cdf 1-—— 1-—— ElllpthE[lAPCSlﬂh{““““*

d(a+bx) f (a+bx) Jarbx

_ -bc+ad
d(-be+af) d d(-be+af)
—————"| - EllipticF[i ArcSinh]| | //
(7bc+ad)f Vatbx (7bc+ad)f
-bc+ad bc-ad be-af
- (—be+a-F) (d+ ('F+ +
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af d
35iAb°cd?f* [1- ———— [1- —————— |EllipticE[iArcSinh[———],
d(a+bx) ‘F<a+bx> Ja+bx
_ -bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| ) /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
- (—be+af) [d+ (f+ -
d a+bx a+bx
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. ) 5 o4 -bc+ad -be+af
211ab*Bcd“f 1-—F——— 1-—F———
d(a+bx) f (a+bx)

EllipticE[i ArcSinh| P -

d(a+bx) f(a+bx)

[\/ e 1, d(-be+af)

Jaibx (-bc+ad) f

. 5 ca -bc+ad -be+af
l6ia“bcCd f 1-—— 1-—mMm

EllipticE[i ArcSinh

]_

_ -bc+ad
d d(-b f
EllipticF[i ArcSinh] ] [-bea )} /

3
a+bx (-bc+ad) f

be-af
(‘F+

a+bx

3

-bc+ad bc-ad
- «be+af) (d+
a+bx

_ -bc+ad

. -bc+ad -be+af L , . d
70iaAb’d®f* [1- ———— [1-——— |EllipticE[iArcSinh[———],
d(a+bx) f(a+bx) Va+bx
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_-bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (—be+af)\/[d+ (‘F+ +
d a+bx a+bx
_ -bc+ad
. -bc+ad -be+af s . . ¢
56ia’bBd*f* [1-———— [1-——— [EllipticE[iArcSinh[———],
d (a +b x) f (a +b x) Ja+bx
_ -bc+ad
d(-be+af) d d(-be+af)
——————] - EllipticF[i ArcSinh| , /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (be+af)\/(d+ ('F+ -
d a+bx a+bx

s

_ -bc+ad
s 3es -bc+ad -be+af L _ . d
48ia*cd®f* [1-———— [1-——— |EllipticE[iArcSinh[——

d(a+bx) f(a+bx) Va+bx

-bc+ad
d(-be+af) d d(-be+af)
——————"| - EllipticF[i ArcSinh]| s ] /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
-——— (-be+af) (d+ (f+ -
d a+bx a+bx

23 2 -bc+ad -be+af
4i1b-Cd’ef |[1-——— 1. ——"=
d(a+bx) f (a+bx)
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_ -bc+ad

d } d(—be+a'F)
Jaibx  [(-bcwad)f

EllipticF i ArcSinh]|

[

/

-bc+ad bc-ad be-af o s o
-— [d+————f [f+————f +](21b“cCd ef
d a+bx a+bx
_ -bc+ad
-be+af L. . d d(-be+af)
1- ————— EllipticF[i ArcSinh] s ] //
f(a+bx) Ja+bx (—bc+ad>f
-bc+ad bc-ad be-af 2o 43 2
- (d+ ['F+7 +|71b°Bd’ef
d a+bx a+bx
_ -bc+ad
-be+af L. . . d d(-be+af)
1-——— ElllpthF[m,APCSlnh[ ], //
f (a+bx) Va+bx (-bc+ad) f
-bc+ad bc-ad be-af ) 3 o
-7 [d+————* [f+————— -|8iabCd’ef
d a+bx a+bx
~ -bc+ad
-be+af o . d d(-be+af)
1-——— ElllpthF[j,Arc51nh[ ], //
f (a+bx) Jarbx (-bc+ad) f
-bc+ad bc-ad be-af o o 3
_-berad [d+_____ [f+————— _laiv’cdf
d a+bx a+bx

| 27
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-be+af

_ -bc+ad
d d(—be+a'F>
1- ————— EllipticF i ArcSinh]| ] ] //

f(a+bx) Jaibx  [-bcsad)f

-bc+ad bc-ad be-af o 2 3
-— [d+—————'[F+4———f +(71b°Bcd”f
d a+bx a+bx
_ -bc+ad
-be+af L. . d d(-be+af)
1- ————— EllipticF[i ArcSinh] s ] //
f(a+bx) Ja+bx (—bc+ad>f
-bc+ad bc-ad be-af ) 2 23
- (d+ ['F+7 - |81iabcCd°f
d a+bx a+bx
_ -bc+ad
-be+af L. . . d d(-be+af)
1-——— ElllpthF[m,APCSlnh[ ], //
f (a+bx) Va+bx (-bc+ad) f
-bc+ad bc-ad be-af ) 2 43 e3
_-bcrad [d+4———f F+4———— _|70iAb2d®f
d a+bx a+bx
~ -bc+ad
-be+af o _ . d d(-be+af)
1-——— ElllpthF[ﬂ,APCSIHh[ ], //
f (a+bx) Jarbx (-bc+ad) f
-bc+ad bc-ad be-af ) 3 3
_—bcrad [d+7 [hi +|s6iabBd?f
d a+bx a+bx
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\/chd—+ad | d (—be+af>] /

-be+af L . .
1- ————— EllipticF|i ArcSinh| s
f (a+bx) Jaribx (-bc+ad) f
-bc+ad bc-ad be-af 2 43 e3 -bc+ad
o - (d+ ['F+ - |48 1a-Cd° f 1-——
d a+bx a+bx d(a+bx)
_ -bc+ad
-be+af d d(-be+af)
1- ————— EllipticF[i ArcSinh| B ] /
f (a+bx) Va+bx (-bc+ad) f

-bc+ad bc-ad
_zpcxad (d+
d a+bx

Problem 63: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

be-af
['F+

a+bx

JVc+dx \/e+fx(A+Bx+Cx2>dl
X

(a+bx)3/2

Optimal (type 4, 706 leaves, 9 steps):
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(2 (24a%Cdf*-abf (7Cde+cCf+20Bdf) +b? (Sdf (Be+3Af) -Ce (2de-cf)))
Va+bx Vec+dx \/e+fx)/(15b3df(be—af)) +
(2 (6a2Cdf+b? (cCe+5Adf)-ab(Cde+cCf+5Bdf)) Varbx Verdx (e+fx)>?)/

(502 (bc-ad) £ (be-af]] - 2 (Ab2-a (bB-acC)) (c+dx)¥? (e+fx)*? .

b(bc-ad) (be-af)/a+bx

2+/-bc+ad (48a*Cd*f*-8abdf (Cde+cCf+5Bdf) +

b <C+dx)
bc-ad

Ve +fx

b> (5df (Bde+Bcf+6Adf) -2C (d*e’-cdef+c’f’)))

Jd Vaibx, [bc-ad)f
JVbcrad d(be-af)

<e+fx)

b
] / 15b* d*/2 f2+/c + d x
be-af

EllipticE [ArcSin [

2+v/-bc+ad (de-cf) (24a°Cdf*-abf (7Cde+cCf+20Bdf) +

b2(5df(Be+3A-F)—Ce(Zde—cf)))\/b<c+dx) Jb(e*m

bc-ad be-af

\Jd Va+bx (bc-ad) f
A/-bc+ad ,d(be—a'F)

E1lipticF[ArcSin| ] /(15 b* d¥/2F2\/crdx erfx |
Result (type 4, 9487 leaves):

va+rbx Ve+rdx VJerfx
[2 <dee+bch+5def79aCdF) 2Cx 2 (Abz—abB+a2C>

1
+
15b°df

15b*df " sb2 b* (a+bx)

2 ((—szcdze2+2b2ccde-F+5bZBd2e-F—8adeZe-F—2b2c2C-F2+5b2Bcd-F2—8abch-F2+

bc ad
30Ab2d> f2-40abBd> £+ 4822 Cd’ ) (a+bx)>> (d+ -
a+bx a+bx

(avbx) [d- 24 J (asbx) (£ 2]
)/ df\/c+ . e+ "

be af
f+ -

a+bx a+bx
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1

(a+bx) [d-2% (a+bx) [F-2F
df . [c+ o e+ )

bc ad be af
(a+bx) (d+ - + -
a+bx a+bx a+bx a+bx
_ -bc+ad
-bc+ad -be+af d
2ib*cCd?’e®f [1-———— [1-——— |EllipticE[iArcSinh|[———],
d(a+bx) f(a+bx) Va+rbx
_ -bc+ad
d(-be+af) d d(-be+af)
———————] - EllipticF[i ArcSinh| ) ] /
(-bc+ad) f Ja+bx (-bc+ad) f
-bc+ad bc-ad be-af
-— (7be+af) (d+7 (f+7 -
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af \/ d
2iab’cd®e®f [1-———— |1-———— |EllipticE[iArcSinh[———],
d(a+bx) f (a+bx) Ja+bx
_7bc+ad
d(-be+af) d d(-be+af)
——————"| - EllipticF[i ArcSinh]| 1, /
(—bc+ad)-F Vatbx (7bc+ad)f
(f+9523j - |2ib*c*cCd
a+bx
_ -bc+ad
-bc+ad -be+af d
e?f [1- 1- EllipticE[i ArcSinh| ———],

d (a+bx) f (a+bx) Vaibx
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_-bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| ) /
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Problem 64: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/c+dX'\/e+-Fx(A+Bx+Cx2>dl
X

(aerx)S/2

Optimal (type 4, 687 leaves, 9 steps):
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be-af
['F+

a+bx

d(-be+af) ~bc+ad bc-ad
(,bc+ad)f} /[\/ d \/[d+ a+bx

Problem 65: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J\/c+dx Ve +fx <A+Bx+Cx2>

(a+bx)7/2

Optimal (type 4, 964 leaves, 9 steps):
(2 (24a®>Cd*f-a’bd (23Cde+41cCf+4Bdf) -b> (15c*Ce-2Ad’e+cd (5Be+Af)) +

ab? (15c2Cf+d? (3Be-Af) +c (40Cde+6Bdf))) Vc+dx \/e+fx)/

(15b3 (bc—ad)z(be—af) m)+(2 (6a’Cdf+ab®>(10cCe+3Bde+3Bcf-4Adf) -
b® (SBce-2A (de+cf))-a’b (Bdf+8C (de+cf))) Verdx (e+fx)>?)/

2 (Ab2-a (bB-acC)) (c+dx)*? (e+fx)*?
5b(bc-ad) (be-af) (a+bx)*?

(15b2 (bc-ad) (be-af)? (a+bx)3/2> B

1

15b4(—bc+ad)3/2 (be—af)zx/c+dx %L

2+/d (48a*Cd*f2-8a’bdf (Bdf+11C (de+cf)) -
b* (2Ad*’e*-cde (5Be+2Af) -c* (30Ce*+5Bef-2AF%)) -
ab’ (d*e (3Be-2Af) +c*f (70Ce+3Bf) +2cd (35Ce*+11Bef-Af?)) +
a’b? (2C (19d*e*+8lcdef+19c*f*) -df (2Adf-13B (de+cf))))

b d A/ bc-ad) f
M e+ fx EllipticE[Ar‘cSin[\/? arbx ] (be-ad) |+
bc-ad V_bc+ad d(be-af)

2(de-cf) (24a’°Cd*f-a*’bd (23Cde+41cCf+4Bdf) - b’
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(15b4ﬁ (—bc+ad)3/2 (be-af)/crdx \/e+Fx)

Result (type 4, 9529 leaves):

va+bx Ve+dx VJerfx
2 (Ab?-abB+a?()

- (2 (5b3Bce—10ab2cCe+Ab3de—6ab2Bde+11a2bcde+

5 b3 (aerx)3
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3/2 bc ad be af
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b b
bc ad be af
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Problem 67: Result unnecessarily involves complex numbers and more than
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Jaibx  (-bcead)f
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Problem 68: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+bx Ve+dx (A+Bx+Cx?) 4
X

Vve+fx
Optimal (type 4, 766 leaves, 9 steps):
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105 b2 d2 3
7b2Bcd-F2+Zabccdfz+35Ab2d2-F2+7ade2f2—4a2Cd2f2> +
2(—6dee+bcC-F+7de-F+aCd-F)x 2 C x2 1

+

N
35bd f2 7f 105 b* d? 3

1
2 (—48b3cd3e3+16b3ch2e2f+56b3Bd3e2f+

(a+bx) (d-2% (a+bx) [F-2F
df./c+ N e+ )

l6ab’>Cd®e?f+9b3c?Cdef?-21b>Bcd’ef>-8ab?cCd?ef?-70Ab3d>ef?-
21ab’Bd*ef?+9a’bCd’ef?+8b3c*CF>-14b3Bc?dfP-5ab>c?2Cdf3+35Ab3cd?F3+
14ab?Bcd?f*-5a’bcCd?’f>+35aAb?d> > -14a’bBd* 3+ 82 Cd* f3) (a+bx)*?
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bc ad
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-bc+ad bc-ad be-af ,
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d a+bx a+bx
_ -bc+ad
-bc+ad -be+af d
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d(a+bx) f (a+bx) Va+bx
_ -bc+ad
d(-b f d d(-b f
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(-bc+ad) f a+bx (-bc+ad) f
bc-ad be-af
-be+af) (d+ (f+— -
a+bx a+bx
_ -bc+ad
_ _ A/ d
56 1 b3 B d? e? 2 1—M I_M EllipticE[i ArcSinh| ———],

d(a+bx) f (a+bx) Ja+tbx
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(-bc+ad) f Ja+bx (-bc+ad) f
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-——— (-be+af] (d+ (f+ - |161iab*C
d a+bx a+bx
_-bc+ad
-bc+ad -be+af . . . ¢
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_ -bc+ad
d(-be+af) d d(-be+af)
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-bc+ad bc-ad be-af
-—— Qbe+af) (d+ (f+ -
d a+bx a+bx

d(a+bx) f(a+bx) Jaibx I

-bc+ad
s 3 -bc+ad -be+af L . . \/ d
91b°c“Cdef 1-—F— 1-—— E111pt1cE[1Ar‘c51nh[7

_ -bc+ad
d(-b f d d(-b f
&}—EllipticF[jAr‘cSinh[ | GLLLL >] /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af ,
[ -— (—be+af)\/(d+ ('F+ +211ib3Bc
\ d a+bx a+bx
_ -bc+ad

-bc+ad -be+af o , . d
d?ef® |[1- —+——— [1- ————— |EllipticE[i ArcSinh[——],
d(a+bX> 'F(a+bx> »\/a+bx
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—————"| - EllipticF[i ArcSinh]| s ] //
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-bc+ad bc-ad
-— @be+af) (d+
d a+bx

) 2o 43 g3 -bc+ad -be+af
211ab*Bd’ef 1-—— 1-—
d(a+bx) -F(a+bx)

be-af
('F+ ] +
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(—bc+ad>f ~a+bx (—bc+ad)f
-bc+ad bc-ad be-af
P2 heag) [0 o :
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_ -bc+ad
3 3 -bc+ad -be+af L . . d
8ib*c’Cef 1- 1- ElllpthE[nAr‘cSmh[i

_-bc+ad
d(-b f d d(-b f
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-bc+ad bc-ad
-——— (-be+af) (d+
d a+bx
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s ea -bc+ad -be+af L . . d
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be-af
(‘F+

a+bx

d(a+bx) f (a+bx) Jaibx )
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d(-be+af) ) d(-be+af)
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. ) 5 o4 -bc+ad -be+af
141 ab*Bcd“f 1-—F——— 1-—F———
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[\/bzmd]’d(—be+aﬂ

Va+bx (-bc+ad) f
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],

o d ] d(—be+a-F)} /
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EllipticF i ArcSinh|

be-af
('F+

-bc+ad bc-ad
-——— (-be+af] (d+
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- 3 ca -bc+ad -be+af L . . \/ d
14ia’bBd*f* [1-———— [1-——— |EllipticE[iArcSinh|[———

be-af
(‘F+
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d(a+bx) f (a+bx) Va+bx
_ -bc+ad
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_j___ijji_lq - EllipticF[i ArcSinh| | (-be-af) ] //
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-bc+ad bc-ad be-af
- (—be+a-F) (d+ ('F+ -
d a+bx a+bx
saiblCdielf |1 —bc+ad —be+af
a+bx a+bx
_-bc+ad
d d(—be+a'F)
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7" [d+— [f+7 +|51b“cCd“ef
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-be+af o . . d d(-be+af)
1- ————— EllipticF[i ArcSinh] s ] /
f(a+bx) Ja+bx (—bc+ad>f
-bc+ad bc-ad be-af oo a3 2
- (d+ ['F+7 + (281 b°Bd’ef
d a+bx a+bx
_ -bc+ad
-be+af L. . . d d(-be+af)
1-———— ElllpthF[JlAr‘CSIHh[ ], /
f(a+bx) Va+bx (-bc+ad) f
-bc+ad bc-ad be-af ) —
-— [d+7 [f+7 -|131abCd’ef
d a+bx a+bx
_ -bc+ad
-be+af o _ ] d d(-be+af)
1-—— ElllpthF[JlAr‘CSIHh[ ], /
f (a+bx) Ja+bx (-bc+ad) f
-bc+ad bc-ad be-af o o 3
- [d+ ('F+7 +|41ib°ccCdf
d a+bx a+bx

-be+af

_ -bc+ad
d d(-be+af)
1- ————— EllipticF|i ArcSinh| ] ] /

f (a+bx) Vaibx  (-bcwad)f
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-bc+ad bc-ad be-af o 2 3
_-bcrad [d+— [hi _|7ip?Bcd?f
d a+bx a+bx
_ -bc+ad
-be+af o . . d d(-be+af)
1- ————— EllipticF[i ArcSinh] s ] /
f(a+bx) Ja+bx (—bc+ad>f
-bc+ad bc-ad be-af ) 2 23
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_ -bc+ad
-be+af L. . . d d(-be+af)
1-———— ElllpthF[JlAr‘CSIHh[ ], /
f(a+bx) Va+bx (-bc+ad) f
-bc+ad bc-ad be-af ) 2 43 e3
o [d+4———— [f+————— - |351Ab°d>f
d a+bx a+bx
_ -bc+ad
-be+af o _ ] d d(-be+af)
1-—— ElllpthF[JlAr‘CSIHh[ ], /
f (a+bx) Ja+bx (-bc+ad) f
-bc+ad bc-ad be-af ) 3 3
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d a+bx a+bx
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_ -bc+ad

. -bc+ad -be+af . . . ¢
8i1ia’Cd*f |1- 1- EllipticF[i ArcSinh| ———],
d(a+bx) f(a+bx) Ja+bx

be-af
['F+

a+bx

d(fbe+af)} / -bc+ad [d bc-ad
—_ -— +
(—bc+ad)1c d a+bx

Problem 69: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/C+dx (A+BX+CX2)
va+bx e+ Ffx

dx

Optimal (type 4, 527 leaves, 8 steps):

2(4aCdf+b(4Cde+2cCf-5Bdf)) Va+rbx Jcrdx Ve+fx

- +

15 b2 d f2
2C+a+bx (c+dx)3/2\/e+fx

-|2+/-bc+ad (3bd1c (bcCe+3aCde+ach—5AbdF) -
5bdf

(2bde-bcf+2adf) (4aCdf+b(4Cde+2cCf-5Bdf)))

b d V. bc-ad) f
M Ve +fx EllipticE[Ar‘cSin[\/? a+bx s ( S ) ]/
bc-ad V_bc+ad d(be-af)
b (e+fx)
1503 d*2 3 /c+dx e o | 2+v/-bc+ad (de-cf)
e-a

(4a°Cdf*+abf (3Cde-cCf-5Bdf) -b> (5df (2Be-3Af) -Ce (8de+cf)))

b d b f A/ bc-ad) f
(c+dx) (e +x) EllipticF[Ar‘cSin[\/? arbx s (bc-ad) /
bc-ad be-af J-bc+ad d(be-af)

(15b3d3/2f3\/c+dx \/e+1:x)

Result (type 4, 5393 leaves):
2 (—4dee+bcC-F+5de-F—4aCd-F) 2Cx
.
15 b2 d 2 5bf

va+bx Vec+dx ve+rfx +
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-bc+ad bc-ad be-af
- (—be+af) (d+ ('F+ -
d a+bx a+bx

d(a+bx) £ (a+bx) Jaibx I

_ -bc+ad
3 e -bc+ad -be+af L . . d
8ia*Cd"f 1- 1- E111pt1cE[1Ar‘c51nh[7

77bc+ad
d(-b f d d(-b f
&}—EllipticF[iAr‘cSinh[ 1, (-be+a >] /
(*bC*’ad)'F 1/a+bx (*bc+ad)'F
-bc+ad bc-ad be-af
-——— (-be+af) (d+ (f+ -
d a+bx a+bx
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_ -bc+ad
. -bc+ad -be+af s . . ‘
4ib*cd?’e®f [1- ———— [1-——— EllipticF[iArcSinh[———],
d(a+bx) £ (a+bx) Jaibx
d(-be+af) ~bc+ad bc-ad be-af
—_——— / - [d+ ('F+ +
(-bc+ad) f d a+bx a+bx
_ -bc+ad
L2 5 -bc+ad -be+af o . ) d
ib‘cCdef 1-— 1-———— ElllpthF[lAPCSIHh[i],
d(a+bx) f (a+bx) Va+ibx
d(-be+af) -bc+ad bc-ad be-af
Seeret) / _ocrad [d+ (-F+ .
(-bc+ad) f d a+bx a+bx
~ -bc+ad
' -bc+ad -be+af . . . ¢
5ib?Bd?’ef? [1- ———— [1-——— EllipticF[iArcSinh| —-——],
d(a+bx) f (a+bx) VJa+tbx
d(-be+af) / -bc+ad [d bc-ad (f be-af
_ -— + + -
(-bc+ad) f d a+bx a+bx
_ -bc+ad
. -bc+ad -be+af . , . ‘
3iabCd?’ef? [1-——— [1-———— EllipticF[iArcSinh|—=——],
d(a+bx) f(a+bx) Va+bx
d(-be+af) ~bc+ad bc-ad be-af
dlberad))) /| | cbcead [, - _
(-bc+ad) f d a+bx a+bx
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_ -bc+ad
. 3 -bc+ad -be+af o . . d
iabcCdf [1- 1- EllipticF|[i ArcSinh| ———],
d(a+bx) f(a+bx) Jarbx

be-af
['F+

a+bx

d(be+af)}/ -bc+ad [d bc-ad
B - +
(7bc+ad)f d a+bx
_—bc+ad
i 2 g3 -bc+ad -be+af d
151 Abcd“ f 1-——— 1-—— _—

]5

EllipticF[i ArcSinh]|
d (a+bx)

f(a+bx) Jaibx

d(be+af)}/ -bc+ad [d bc-ad [f be-af
_ - + + +
(-bc+ad) f d a+bx a+bx
_ -bc+ad
. -bc+ad -be+af . . . d
10iabBd*f’ |[1-———— [1-——— EllipticF[iArcSinh[———],
d(a+bx) f (a+bx) Va+bx
d(-be+af) -bc+ad bc-ad be-af
dlberat)y| /| | cberad i bead) :
(-bc+ad) f d a+bx a+bx
_ -bc+ad
_ -bc+ad -be+af s . . ¢
8ialCd?f® |1- 1- EllipticF[i ArcSinh|[ —-——],
d(a+bx) f (a+bx) Ja+bx
d(—be+af)}/ -bc+ad [d bc-ad (f be-af
_ - + +
(-bc+ad) f d a+bx a+bx

Problem 70: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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dx

J\/C+dx (A+BX+CX2)
(a+bx>3/2\/e+fx

Optimal (type 4, 540 leaves, 8 steps):

(2 (4a%Cdf+b? (cCe+3Adf)-ab(Cde+cCf+3Bdf))Varbx Verdx Verfx |/

2 (Ab2-a (bB-acC)) (c+dx)*?e+fx

(3b* (bc-ad) f (be-af)) - +

b(bc-ad) (be-af)Va+bx

2+v/-bc+ad (8a°Cdf’-abf (3Cde+cCf+6Bdf)+b>(3df (Be+Af)-Ce(2de-cf)))

b d ~/ bc-ad) f
M e+ fx EllipticE{Ar‘cSin[\/? a:bx s (bc-ad) ] /
bc-ad V_bc+ad d(be-af)

Ib(ef
3b°+/d 2 (be-af) Vcrdx % .
e-a

b (c+d ble+f
2+/“bc+ad (de-c¥ (2bCe—3be+4aCF)\/ (c +dx) \/ e+ Fx)

bc-ad be-af

\Jd Ja+bx (bc-ad) f
JVbcrad d(be-af)

EllipticF [Ar‘cSin [

] /(3b3ﬁf2vc+dx Verfx|

Result (type 4, 5168 leaves):

2C Z(Abz—abB+a2C)

va+bx Ve+dx e+ fx -
3b2f b2 (be—af) (a+bx)

+

1
3b4f (be—af)

2 [(—ZbZCdez+b2cCe-F+3szdef—3adeef—abcCF2+3Ab2d-F2—

b d
6abBdf2+8a2Cdf?) (a+bx>3/2(d+ <2

a+bx a+bx

df\/c+(a+bx) (d—ai:x) \/e+(a+bx) (f—ﬁ)

b b

be af
N _
a+bx a+bx

/

1

(a+bx) [d- ad (a+bx) [f- af
df . [c+ N e+ o
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be af
('F+

a+bx a+bx a+bx a+bx

(-be+af) (a+bx)\/(d+ be _ad

d(a+bx) f (a+bx) Jaibx )

-bc+ad
- 5 -bc+ad -be+af L , . \/ d
-||2ib*cCcde?f [1- ————— [1-————— |EllipticE[iArcSinh|——

_ -bc+ad
d(-be+af) d d(-be+af)
——————] - EllipticF i ArcSinh| s ] /
(—bc+ad)f Varbx (—bc+ad)f
-bc+ad bc-ad be-af
- (—be+a-F) (d+ ('F+ +
d a+bx a+bx
_ -bc+ad
2iab?cd?erf |1 —ocr2d o, -beraf EllipticE[JiAr‘cSinh[id],
d(a+bx) 'F(a+bx> VJa+bx
_ -bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ R (—be+af)\/(d+ (f+ +
d a+bx a+bx

d(a+bx) £ (a+bx) Jaibx J

-bc+ad
3 5 -bc+ad -be+af L , . \/ d
ib>c?Cef? [1- 1- EllipticE[i ArcSinh| ————

_ -bc+ad
d(-b f d d(-b f
w}—EllipticF[iArcSinh[ ) [bexa >] /
(-bc+ad) f a+bx (-bc+ad) f
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-bc+ad bc-ad be-af
[ -— (—be+af)\/[d+ (f+ +
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af d
3ib*Bcdef? [1-————— [1-——— |EllipticE[iArcSinh|————],
d(a+bx) f (a+bx) Ja+tbx
_ -bc+ad
d(-b f d d(-b f
w}EllipticF[jArcSinh[ » [be-a )] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af )
-——— (-be+af) (d+ (-F+ -l4iab?ccC
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af d
def? [1-———— [1-————— [|EllipticE[iArcSinh|[———],
d(a+bx) f (a+bx) Va+bx
_ -bc+ad
d(-b f d d(-b f
&}—EllipticF[iAr‘cSinh[ ] (-be+a >] /
(—bc+ad)f Vatbx (—bc+ad)f
-bc+ad bc-ad be-af
- (—be+af) (d+ ('F+ -
d a+bx a+bx

s

-bc+ad
o 2 o -bc+ad -be+af L . . \/ d
3iab*Bd?ef? |[1-——— [1-——— E111pt1cE[1Ar‘c51nh[7

d(a+bx) f (a+bx) Ja+bx

_-bc+ad
d(-b f d d(-b f
w}-EllipticF[jArcSinh[ ] (be-a >] /
(-bc+ad) f Vaibx (-bc+ad) f
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-bc+ad bc-ad
-— @be+af) [d+
d a+bx
-bc+ad
., ) o -bc+ad -be+af \/ d
3ia*bCd“ef 1- —— 1-— _—

EllipticE[i ArcSinh|
d (a+bx)

£ (a+bx) Jaibx

be-af
(‘F+

a+bx

s

_ -bc+ad
d(-b f d d(-b f
w}EllipticF[jArcSinh[ » [be-a )] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (be+af)\/(d+ ('F+ -
d a+bx a+bx
~ -bc+ad
' -bc+ad -be+af s , . ‘
iab?c2Ccf |1- 1- EllipticE[i ArcSinh|[ ———],
d(a+bx) f (a+bx) Va+bx
_ -bc+ad
d(-be+af) d d(-be+af)
—————"| - EllipticF[i ArcSinh]| s ] //
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (—be+af)\/(d+ ('F+ +
d a+bx a+bx

d(a+bx) f (a+bx) Jaibx I

-bc+ad
3 3 -bc+ad -be+af L . . \ d
3iAb’cdf 1-——- 1-— E111pt1cE[1Arc$1nh[4———————f

_ -bc+ad
d(-b f d d(-b f
—L—fij—l}fEHimid[jmmSMh[ | [Zbe+a >] /
(-bc+ad) f Vaibx (-bc+ad) f

be-af
(‘F+

-bc+ad bc-ad
-— @be+af) [d+
d a+bx a+bx
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_ -bc+ad

-bc+ad -be+af d
6iab’Bcdf’ [1-——— [1-———— |EllipticE[i ArcSinh| ———],
d(a+bx) f(a+bx) a+bx
_-bc+ad
d(-b f d d(-b f
w}—EllipticF[jAr‘cSinh[ ) [be-a >] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
- (7be+af) [d+ (‘F+ +
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af d
9ia’bcCdf® [1-———— [1-———— |EllipticE[iArcSinh|———],
d(a+bx) f (a+bx) Va+ibx

_ -bc+ad

d(-be+af d d(-be+af)
——————] - EllipticF[i ArcSinh| P ] /
(-bc+ad) f Va+bx (-bcrad)f

-bc+ad bc-ad
-— (—be+af) (d+
d a+bx
_—bc+ad
. 5 2 e3 -bc+ad -be+af d
31aAb°d°f 1-——— 1-—— E—

EllipticE[i ArcSinh]
d(a+bx) f (a+bx) Jaibx

be-af
(‘F+

a+bx

]

_ -bc+ad
d(-be+af) ) d(-be+af)

| - EllipticF[i ArcSinh| 1, ] //
(-bc+ad)f Jaibx  [-bcrad)f

-bc+ad bc-ad
-— @be+af) (d+
d a+bx

be-af
('F+

a+bx
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_ -bc+ad

. -bc+ad -be+af o , . d
6ia’bBd’f [1-——— [1-————— [EllipticE[iArcSinh| ———],
d(a+bx) f(a+bx) v a+bx
_-bc+ad
d(-b f d d(-b f
w}—EllipticF[jAr‘cSinh[ ] [be-a >] /
(-bc+ad) f Jarbx (-bc+ad) f
-bc+ad bc-ad be-af
- (7be+af) [d+ (‘F+ -
d a+bx a+bx

]

_ -bc+ad
3 9.3 -bc+ad -be+af o , . d
8ia’Cd?f |1- 1- EllipticE|i ArcSinh| ———

d(a+bx) f (a+bx) Va+tbx

-bc+ad
d(fbe+af) d d(fbe+af)
———————] - EllipticF[i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
-——— (-be+af) (d+ (f+ +
d a+bx a+bx

15

_ -bc+ad
_ -bc+ad -be+af N . - ‘
ibcCdef |1- 1- E111pt1cF[1 Ar‘cSmh[i

d(a+bx) f(a+bx) Va+bx

be-af
[‘F+

a+bx

d(-be+af) -bc+ad bc-ad
(_bc+ad)f} /[\/ d \/[d+ a+bx

_ -bc+ad
d

) ) -bc+ad -be+af L. ) .
iabCd?’ef [1- 1- EllipticF|i ArcSinh|[ ———],

d(a+bx) f(a+bx) Jaibx
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d(-be+af) “bc+ad bc-ad be-af
SR / _2craf [d+ [f+ -
(7bc+ad)f d a+bx a+bx
_—bc+ad
. -bc+ad -be+af L. . . ¢
3ib’Bcdf?® [1-———— [1-———— EllipticF|iArcSinh[———],
d(a+bx) f(a+bx) Va+bx
d(-be+af) ~bc+ad bc-ad be-af
_ / -— [d+ ('F+ +
(—bc+ad)f d a+bx a+bx

_ -bc+ad
-bc+ad -be+af d

5iabcCdf? [1-———— [1-————— EllipticF|iArcSinh| B
d(a+bx) ‘F<a+bx> Ja+bx
d(-be+af) -bc+ad bc-ad be-af
v VA NN I LR £ -
(-bc+ad) f d a+bx a+bx

_ -bc+ad
o 0 en -bc+ad -be+af d
31Ab°d°f 1- 1- E—

EllipticF[i ArcSinh|

s

d(a+bx) f (a+bx) Va+bx
d(-be+af) -bc+ad bc-ad be-af
flperadlyl /) [ ocbered (g, iz :
(-bc+ad) f d a+bx a+bx
_-bc+ad
i -bc+ad -be+af . . . ¢
6iabBd’f? |1-———— [|1-———— EllipticF|iArcSinh|——],

d(a+bx) f (a+bx) Vaibx

| 133
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d(be+af)}/ -bc+ad [d bc-ad [f be-af
f\-PErar) __2trad N N _
(—bc+ad)-F d a+bx a+bx
_—bc+ad
. -bc+ad -be+af . . . ¢
8ia?Cd?f% |1- 1- EllipticF[i ArcSinh[ ——],
d(a+bx) f (a+bx) vJa+bx
d(-be+af) ~bc+ad bc-ad be-af
dberatl| /| | sberss 1y besas)
(—bc+ad)1c d a+bx a+bx

Problem 71: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J*\/C+dx (A+BX+CX2)
(a+bx)¥?erfx

dx

Optimal (type 4, 597 leaves, 8 steps):
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2 (4a%Cf+b? (3Be-2Af)-ab (6Ce+Bf))Jc+dx Ve+fx

3b% (be-af)?+/a+bx

2 (Ab*-a (bB-acC)) (c+dx)3/2\/e+fx

3b (bc—ad) <be—a-F) (a+bx)3/2

+]2+/d (8a*Cdf?-a’bf (13Cde+7cCf+2Bdf) +

ab’>(3Ce(de+4cf)+f(4Bde+Bcf-Adf))-b>(Adef+c (3Ce’+3Bef-2AF)))

b d Jd A/ bc-ad) f
M Vve+fx EllipticE[Ar‘cSin[ d varbx , ( c-e ) /
bc-ad V_bc+ad d(be-af)
5 b (e+fx)
3b>+/-bc+ad f(be-af) Vc+dx e it +
e-a

2 (de—c-F) (4a2Cd-F+b2 (3cCe+Ad-F) -ab (Bdf+3c (de+cf)))

bc-ad be-af J-bc+ad ’d(be—af)
(30°Vd V-bcrad f(be-af)Verdx Verfx|

Jb(“dx) Jb(e“c)() EllipticF[Ar‘cSin[ﬁm <bcad>f}/

Result (type 4, 5074 leaves):

Va+bx VJcrdx Ve+fx
2 (Ab?2-abB+a?C)

S (2(3b’Bce-6ab’cCe+Ab’de-4ab’Bde+7a’bCde-

312 (be-af) (a+bx)
2Ab3c-F—ab2Bcf+4a2bch+aAb2df+2a2de-F—5a3Cdf))/
1
3b% (bc-ad) (be-af)?

(3b (bc-ad) (be-af)® (a+bx)]| -

2 ((—3b3cCe2+3ab2Cde2—3b3Bce-F+12abchef—Ab3de-F+4ab2Bdef—

13a’bCdef+2Ab>cf?+ab’Bcf’-7a’bcCf*-aAb’df*-2a’bBdf*+8a’Cdf?)
bc ad be af

(a+bx)3/2 [d+ - + - /
a+bx a+bx a+bx a+bx

f\/c+(a+bx) (d—aisx) \/e+(a+bx) (f—ﬁ)
b

b
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1

(a+bx) [d-2% (a+bx) [F-2F
f.lc+ " e+ N

bc ad

(bc-ad) (-be+af) (a+bx)\/(d+ -

be af
i _
a+bx a+bx

a+bx a+bx

_ -bc+ad
- 5 -bc+ad -be+af d
31b°cCe f |[1- 1- _—

EllipticE[i ArcSinh|
d <a+bx)

f(a+bx) Vaibx

s

_ -bc+ad

d(fbe+af) d d(fbe+af)
———————] - EllipticF[i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
-———— (-be+af) (d+ (f+ -
d a+bx a+bx

]

-bc+ad
N , -bc+ad -be+af L . . \/ d
3iab“Cde ' f [1-—— 1-——— E111pt1cE[1Ar‘c51nh[7

d(a+bx) f (a+bx) Va+bx

-bc+ad
d(-be+af) d d(-be+af)
——————"| - EllipticF[i ArcSinh]| s ] /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
-———— (-be+af) (d+ (f+ +
d a+bx a+bx

d(a+bx) f (a+bx) Jaibx I

_ -bc+ad
3 5 -bc+ad -be+af L . . d
3ib’Bcef? [1-———— [1-———— |EllipticE[iArcSinh|[——

_ -bc+ad
d(-b f d d(-b f
—L—fij—l}fEHimid[jmmSMh[ (be-a >] /

(-bc+ad)f aibx  (-bcead)f
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-bc+ad bc-ad
-— (—be+af) [d+
d a+bx
_ -bc+ad
s 5 -bc+ad -be+af L . . d
12iab“cCef 1-— 1- —— E111pt1cE[1Ar‘c51nh[7

be-af
(‘F+

a+bx

d(a+bx) f(a+bx) Jaibx J

_ -bc+ad
d(-b f d d(-b f
w}EllipticF[jArcSinh[ | [be-a )] /
(-bc+ad) f Va+ibx (-bc+ad) f
-bc+ad bc-ad be-af
[ -— (be+af)\/(d+ (+ +
d a+bx a+bx

s

~ -bc+ad
s 5 -bc+ad -be+af L . . d
iAb>def 1-—— 1-—— E111pt1cE[11 Ar‘CSlnh[i

d(a+bx) f (a+bx) Va+bx

_ -bc+ad
d(-b f d d(-b f
_l___Sjji_lq - EllipticF[i ArcSinh| s (-be-af) ] //
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (—be+af)\/(d+ ('F+ -
d a+bx a+bx
_ -bc+ad
) > ) -bc+ad -be+af o . ) d
4iab“Bdef 1-———- 1-——— ElllptlcE[1Arc51nh[44444444*},
d(a+bx) f(a+bx) Ja+bx
_ -bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| ) ] /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (—be+af)\/[d+ (f+ +
d a+bx a+bx
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_ -bc+ad

13ia’bcdef |1 —ocr2d |, -beraf EllipticE[iArcSinh[AAAAALLAf],
d (a+bx) f(a+bx) Jaibx
_-bc+ad
d(-b f d d(-b f
—L—fij—l}fEHimid[jmmSMh[ ) [be-a >] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
- (7be+af) [d+ (‘F+ -
d a+bx a+bx

]

_ -bc+ad
3 .3 -bc+ad -be+af d
21Ab°cef 1-—F—— 1-———— _—

EllipticE|i ArcSinh|
d (a+bx)

fla+bx) Jaibx

-bc+ad
d(fbe+af) d d(fbe+af)
———————] - EllipticF[i ArcSinh| ) //
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
-——— (-be+af) (d+ (f+ -
d a+bx a+bx

d(a+bx) f (a+bx) Jaibx )

_ -bc+ad
R 5 -bc+ad -be+af L . . d
iab“Bcf 1-—— 1-—mm ElllpthE[l Ar‘CSlnh[i

77bc+ad
d(-be+af ‘ d(-beraf)
7} _EllipticF[jl Ar‘cSinh[ P ] /
(-bcrad) f a+bx (-bcrad)f
-bc+ad bc-ad be-af
o = (—be+a'F) (d+ ('F" +
d a+bx a+bx
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_ -bc+ad

. -bc+ad -be+af R . : ‘
7ia’bcCf |1-—+—— [1-——— |EllipticE[iArcSinh[———],
d(a+bx) f(a+bx) Ja+bx
_-bc+ad
d(-be+af) d d(-be+af)
——————| ~EllipticF i ArcSinh| ) //
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
- (7be+af) [d+ (‘F+ +
d a+bx a+bx

]

_ -bc+ad
, 5 o3 -bc+ad -be+af d
1aAb df 1-— 1-—— _—

EllipticE|i ArcSinh|
d (a+bx)

fla+bx) Jaibx

-bc+ad
d(fbe+af) d d(fbe+af)
———————] - EllipticF[i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
-——— (-be+af) (d+ (f+ +
d a+bx a+bx

d(a+bx) £ (a+bx) Jaibx I

_ -bc+ad
- 5 -bc+ad -be+af L _ . d
2ia“bBdf 1-—- 1-—— ElllpthE[lAr‘cSmh[i

77bc+ad
d(-be+af ‘ d(-beraf)
7} _EllipticF[jl Ar‘cSinh[ P ] /
(-bcrad) f a+bx (-bcrad)f
-bc+ad bc-ad be-af
o = (—be+a'F) (d+ ('F" -
d a+bx a+bx
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_ -bc+ad
. -bc+ad -be+af R . . ¢
g8ia’Cdf’ [1-——— [1-———— |EllipticE[iArcSinh| ———],
d(a+bx) f<a+bx) VJa+bx
_-bc+ad
d(-be+af) d d(-be+af)
——————| ~EllipticF i ArcSinh| ] /
(-bc+ad) f Jarbx (-bc+ad) f
-bc+ad bc-ad be-af
- (7be+af) [d+ (‘F+ -
d a+bx a+bx

]

_ -bc+ad
- -bc+ad -be+af d
31ib°cCef |1- 1- _—

EllipticF[i ArcSinh|
d (a +b X)

'F<a+bx> AJa+bx

d(-be+af) “bc+ad bc-ad be-af
T / _2crag [d+ [f+ -
(—bc+ad)-F d a+bx a+bx
_7bc+ad
-bc+ad -be+af d
3ib?’Bdef |1- 1- EllipticF|[i ArcSinh|[ ———],
d(a+bx) f(a+bx) vVa+bx
d(-be+af) “bc+ad bc-ad be-af
7} / - [d+ ('F+ +
(7bc+ad)f d a+bx a+bx
_—bc+ad
-bc+ad -be+af d
9iabCdef [1- ———— [1-————— EllipticF[iArcSinh[———],
d<a+bX) 'F(a+bX> —\/a+bx
d(-be+af) ~bc+ad bc-ad be-af
7} / -— {d+ ['F+ +
(-bc+ad) f d a+bx a+bx
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_ -bc+ad
. , -bc+ad -be+af o . . d
3iabcCf® [1- 1- EllipticF|[i ArcSinh| ———],
d(a+bx) f(a+bx) Jatibx
d(-be+af) -bc+ad bc-ad be-af
dberat)y) | [ cbeoss [, pecsg) :
(-bc+ad) f d a+bx a+bx
_ -bc+ad
. -bc+ad -be+af s . ; ‘
iAb?df? [1- ———— [1-————— EllipticF[iArcSinh|[———],
d (a+bx) £ (a+bx) Jaibx
d(-be+af) -bc+ad bc-ad be-af
dberat)y) | [ cbeoss [y, .
(-bc+ad) f d a+bx a+bx

EllipticF[i ArcSinh]
d(a+bx)

f(a+bx) Va+bx

+
-bc+ad

5 deFZ\/l -bc+ad \/1 -be+af \/ d ]

ia - - X,

be-af
['F+

d(—be+af)} / -bc+ad [d bc-ad
_— e +
(-bc+ad) f d a+bx

a+bx

_ -bc+ad
_ -bc+ad -be+af s , . ‘
8ia?Cdf? |1- ————— |1- ———— EllipticF[iArcSinh|———],
d(a+bx) f (a+bx) Va+bx

be-af
('F+

a+bx

d(—be+a1:)} / -bc+ad [d bc-ad
_ - +
(-bc+ad) f d a+bx

Problem 72: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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dx

J\/C+dx (A+BX+CX2)
(a+bx>7/2\/e+fx

Optimal (type 4, 1034 leaves, 9 steps):
(2 (4a°Cdf-b* (5Bce-2Ade-4AcCT)+

ab?(16cCe+3Bde+Bcf-6Adf) -a’b (8Cde+6cCF-Bdf))Verdx Verfx )/
(15b2 (bc-ad) (be—aﬂ2 (a+bx)3/2) - (2 (8a*Cd*f2-a*bdf (23Cde+13cCf-2Bdf) -

b* (2Ad2e2—cde (5Be—3A-F) -c? (1SCe2—1eBef+8Af2)) -

a’b? (d-F(7Bde+2Bc-F—3Ad~F) -C (23d2e2+37cdef+3c2f2)> -

ab’(d*’e (3Be-7Af) +2c*f (5Ce-Bf) +cd(40Ce®-13f (Be-Af))))

Nerdx \/e+fx)/(15b2 (bc—ad)z(be—af)3\/a+bx)—
2 (Ab2-a (bB-acC)) (c+dx)*?e+fx
5b(bc-ad) (be-af) (a+bx)*?
1

15b° (-bc+ad)?? (be-af)®Vcrdx [Bl=0

2+/d (8a*Cd*f*-a’bdf (23Cde+13cCf-2Bdf) -
b* (2Ad*e*-cde (5Be-3Af) -c* (15Ce*-10Bef+8AF?)) -
a’b? (df (7Bde+2Bcf-3Adf) -C(23d°e®*+37cdef+3c*f?)) -
ab’(d*’e (3Be-7Af) +2c*f (5Ce-Bf) +cd(40Ce®’-13f (Be-Af))))

b d ~/ bc-ad)] f
M Ve +fx EllipticE[Ar‘cSin[\H arbx ], ( €@ ) } +
bc-ad J-bciad d(be-af)

2+/d (de-cf) <4a3Cd1‘:—b3 (SBce—ZAde—4Acf) +

ab? (1ecCe+3Bde+Bcf—6Adf) -a’b <8Cde+6cC-F—Bd-F))

b d b f ~/ bc-ad) f
(c+dx) (e +Fx) EllipticF[Ar‘cSin[\/? arbx s (be-ad) ] /
bc-ad be-af J-bc+ad d(be-af)

(15b3 (—bc+ad)3/2 (be—af)Z\/c+dx \/e+Fx)

Result (type 4, 9186 leaves):

Varbx Vec+rdx VerFfx
2 (Ab?-abB+a?C)

- -(2(5b’Bce-10ab’cCe+Ab’de-6ab’Bde+11a’bCde-
5 b2 (be—af) <a+bx)3

4Ab3cf—abzBc-F+6a2bcC-F+3aAb2df+2a2def—7a3CdF>)/
1
15 b2 (bc—ad)2 (be—a-F)3 <a+bx)

(1562 (bc-ad) (be-af)? (a+bx)?) -
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2 (15b4c2Ce2+5b4Bcde2—40ab3chez—ZAb“dzez—Bab3Bd2e2+23a2b2Cd2e2—
10b*Bc’ef-10ab>c?’Cef-3Ab*cdef+13ab?Bcdef+37a’b>cCdef+
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13aAb*cdf?-2a’b*Bcdf’-13a’bcCdf*+3a*Ab’d*f*+2a’bBd* f* + 8a* Cd* f?)

1 1
2d

15b* (bc-ad)? (be-af)’ \/ (oo (a2 ) \/ (asbx) [f27 )
d./c+ . €+ b

(15b*c?>Ce’+5b*Bcde?-40ab’cCde’-2Ab*d*e*-3ab’Bd*e*+23a° b’ Cd*e? -
10b*Bc’ef-10ab3c?Cef-3Ab*cdef+13ab3Bcdef+37a%b>cCdef+
7aAb3>d’ef-7a’b?Bd?ef-23a*>bCd’ef+8Ab*c?2f2+2ab3Bc?f2+3a%b%c?2CF?-
13aAb’cdf*-2a’b’Bcdf’-13a’bcCdf*+3a’Ab’d* f?+2a’bBd* f* + 8a* Cd* )

<a b x)3/2 (d . bc 2 d . be 2 f

a+bx a+bx a+bx a+bx
1

b [0 )J oo (3]

Je
Sl e

+

(-bc+ad) (be-af) (a+bx)

d

be af
n _
a+bx a+bx

_ -bc+ad
d

-bc+ad -be+af

15ib*c?Ce’f [1- ———— [1-———— [EllipticE[i ArcSinh| B
d(a+bx) f (a+bx) Jarbx
_ -bc+ad
d(-b f d d(-b f
—l———siji—lﬂ - EllipticF[i ArcSinh| !, (-be-af) ] //
(-bcrad)f Jaibx  (-bc+ad)f
bc-ad be-af
-be+af) (d+7 (f+— +
a+bx a+bx
_ -bc+ad
. -bc+ad -be+af - . : ‘
5ib*Bcde’f [1- ———— [1-————— |EllipticE[i ArcSinh| ———],

d (a+bx) f (a+bx) Vaibx
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_-bc+ad
d(-be+af) o ) d d(-be+af)
——————| - EllipticF i ArcSinh| | //
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
[/ pbe+af)J(d+ (f+ - |40iab’c
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af . . . ‘
Cde’f [1- ———— [1- ————— |EllipticE[iArcSinh[ ———],
d(a+bx) f(a+bx) Va+bx
-bc+ad
d(-be+af) S d(-be+af)
———————] -~ EllipticF[i ArcSinh| » ] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[/ (be+af)J(d+ (f+ -
d a+bx a+bx

]

_ -bc+ad
a4 o -bc+ad -be+af d
2iAb*d e f |1-——— 1-—— _—

EllipticE[i ArcSinh|
d(a+bx) f (a+bx) Va+bx

_ -bc+ad
d(-be+af) d d(-be+af)

| - EllipticF[i ArcSinh| | ] //
(-bc+ad) f Jaibx  [-bcrad)f

-bc+ad bc-ad
-— @be+af) (d+
d a+bx

-bc+ad
3022 -bc+ad -be+af o , . \/ d
3iab*Bd?e?f [1-——m— [1-—— E111pt1cE[nArcslnh[—————————

be-af
('F+

a+bx

d(a+bx) f(a+bx) Jaibx )
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_-bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| | /
(-bc+ad) f Ja+bx (-bc+ad) f
-bc+ad bc-ad be-af )
-— (—be+a1’) (d+ ('F+ +[231a%b%cC
d a+bx a+bx
77bC+ad
-bc+ad -be+af .. . . i
d?e*f |[1-————— [1-————— |EllipticE[iArcSinh[———],
d(a+bx) f (a+bx) va+bx
_ -bc+ad
d(-b f d d(-b f
w}EllipticF[jArcSinh[ | [be-a )] /
(-bc+ad) f Va+ibx (-bc+ad) f
-bc+ad bc-ad be-af
-— (7be+af) (d+ (f+ -
d a+bx a+bx

d(a+bx) f (a+bx) Vaibx )

-bc+ad
Cae o o -bc+ad -be+af L . . \/ d
10ib*Bcef? [1-———— [1-———"— |EllipticE|i ArcSinh[———

_ -bc+ad
d(-b f d d(-b f
&}—EllipticF[jAr‘cSinh[ ’ [be-a >] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af ,
[ -— (—be+af)\/(d+ ('F+ - |10 1 ab3c?
\ d a+bx a+bx
_ -bc+ad

5 -bc+ad -be+af L . . d
Cef 1-——r 1-— E111pt1cE[1 Ar‘c51nh[7],
d(a+bX) f<a+bX) «/a+bx
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_-bc+ad
d(-be+af) o ) d d(-be+af)
——————| - EllipticF i ArcSinh| | /
(-bc+ad) f Ja+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (—be+af)\/[d+ (‘F+ -
d a+bx a+bx
_ -bc+ad
. -bc+ad -be+af s . : v ‘
3iAb*cdef? [1-———— [1-———— |EllipticE[iArcSinh|———],
d(a+bx) f (a+bx) Va+tbx
_ -bc+ad
d(-be+af) o ) d d(-be+af)
7} - EllipticF [J‘l Ar‘cSmh[ ) ] /
(-bc+ad) f Vaibx (-bc+ad) f
[ -bc+ad \/ bc-ad be-af , 3
-— (—be+af) (d+ ('F+ +(131ab”B
\ d a+bx a+bx
~ -bc+ad
-bc+ad -be+af L . d
cdef? |1-———— 1-——— ElllpthE[jAr‘cSmh[i},
d(a+bx) f (a+bx) Va+bx
_ -bc+ad
d(-be+af) d d(-be+af)
—————"| - EllipticF[i ArcSinh]| | /
(-bc+ad) f Vaibx (-bc+ad) f
[ -bc+ad \/ bc-ad be-af 5o
- (—be+a'F> (d+ ('F+ +|371a°bc
\ d a+bx a+bx

]

_—bc+ad
5 -bc+ad -be+af d
Cdef 1-—F—— 1-—F—— _—

EllipticE[i ArcSinh]
d (a +b X)

f(a+bx) Va+bx
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_-bc+ad
d(-b f d d(-b f
w}fEllipticF[jArcSinh[ | (be-a >] /
(-bc+ad) f Ja+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (—be+af)\/[d+ (‘F+ +
d a+bx a+bx
_ -bc+ad
. -bc+ad -be+af s . . ‘
7iaAb*d’ef? [1-———— [1-———— |EllipticE[iArcSinh[———],
d(a+bx) f (a+bx) Jaibx
-bc+ad
d(-be+af) o d(-be+af)
——————] - EllipticF[i ArcSinh| ] ] /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
- <7be+af) (d+ ( + -|71a’b%B
d a+bx a+bx
~ -bc+ad

Pef 1. -bc+ad
d(a+bx)

1 -be+af
f(a+bx)

EllipticE[i ArcSinh|

d

\Va+bx },

_ -bc+ad
d(-be+af) ¢
——————| - EllipticF[i ArcSinh|
(7bc+ad)-F va+bx
-bc+ad bc-ad be-af

- (—be+a'F> (d+ ('F"
d a+bx a+bx

. 43 2 42 _M
231a°bCdef 1
d(a+bx)

1 -be+af
-F(a+bx)

d(-be+af)
’ (7bc+ad)-F] /
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_ -bc+ad
d d(—be+a'F>

EllipticE[i ArcSinh| -

Jaibx  [-bcsad)f

_ -bc+ad
d } d(-be+af)

Jaibx (—bc+ad)f} /

EllipticF[i ArcSinh|

-bc+ad bc-ad be-af
-———— (-be+af) (d+ (f+ N
d a+bx a+bx
_ -bc+ad
4 5.3 -bc+ad -be+af o . . d
8iAb*c2f |1- 1- EllipticE|i ArcSinh|[ ———],
d(a+bx) f (a+bx) Va+bx
_ -bc+ad

d(-be+af) d d(-be+af)
——————"| - EllipticF[i ArcSinh]| P ] /
(7bc+ad)f [a+bx (7bc+ad)f

be-af
('F+

-bc+ad bc-ad
-——— (-be+af] (d+
d a+bx a+bx

-bc+ad
3 2.3 -bc+ad -be+af \ d
21iab’Bc f 1-—F— 1-—F— _—

EllipticE[i ArcSinh]
d (a+bx>

'F(a+bX> “Ja+bx

]

_-bc+ad
d(-be+af) ¢ d(-be+af)
———————] - EllipticF[i ArcSinh| > /
(-bc+ad) f a+bx (-bcrad)f
-bc+ad bc-ad be-af
[ —_ (—be+af)\/(d+ (f+ *
d a+bx a+bx
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_ -bc+ad

-bc+ad -be+af d
3ia?b?c?Cf® [1- ———— [1-———— |EllipticE[iArcSinh[———],
d<a+bx) f(a+bx> Ja+bx
_-bc+ad
d(-b f d d(-b f
—L—fij—l}fEHimid[jmmSMh[ ) [be-a >] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
- (7be+af) [d+ (‘F+ -
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af d
13iaAb’cdf® [1-——— [1-———— [EllipticE[iArcSinh[———],
d<a+bX) 'F<a+bx> AvJa+bx
_ -bc+ad
d(-be+af) d d(-be+af)
———————] - EllipticF[i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
- (—be+af) (d+ ('F+ -
d a+bx a+bx

d(a+bx) f(a+bx) Jaibx )

_ -bc+ad
P 5 -bc+ad -be+af L . . d
2ia“b“Bcdf 1-—mm 1-——— E111pt1cE[1Ar‘c51nh[7

77bc+ad
d(-be+af ‘ d(-beraf)
7} _EllipticF[jl Ar‘cSinh[ P ] /
(-bcrad) f a+bx (-bcrad)f
-bc+ad bc-ad be-af
o = (—be+a'F) (d+ ('F" -
d a+bx a+bx
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_ -bc+ad

-bc+ad -be+af d
13ia*bcCdf® [1-——— [1-———— |EllipticE[iArcSinh[———],
d(a+bx) F(a+bx) Ja+bx
_-bc+ad
d(-b f d d(-b f
w}—EllipticF[jAr‘cSinh[ ) [be-a >] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
- (7be+af) [d+ (‘F+ +
d a+bx a+bx
_ -bc+ad
- _ d
siatap? g e |1 —ocr2d j, -beraf EllipticE[i ArcSinh[ ———],
d<a+bX) 'F(a+bX> AvJa+bx

_ -bc+ad

d(-be+af d d(-be+af)
——————] - EllipticF[i ArcSinh| P ] /
(-bc+ad) f Va+bx (-bcrad)f

-bc+ad bc-ad
-— (—be+af) (d+
d a+bx
-bc+ad
- 5 o3 -bc+ad -be+af \ d
21a°bBd°f 1-——— 1-—— E—

EllipticE[i ArcSinh]
d(a+bx) f (a+bx) Jaibx

be-af
(‘F+

a+bx

]

_ -bc+ad
d(-be+af) ) d(-be+af)

| - EllipticF[i ArcSinh| 1, ] //
(-bc+ad)f Jaibx  [-bcrad)f

-bc+ad bc-ad
-— @be+af) (d+
d a+bx

be-af
('F+

a+bx
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_ -bc+ad
. -bc+ad -be+af N . : ‘
8ia*Cd?’f |1- 1- EllipticE[i ArcSinh| ———],
d(a+bx) f(a+bx) vJa+bx
_-bc+ad
d(-b f d d(-b f
w}—EllipticF[jAr‘cSinh[ ] [be-a >] /
(-bc+ad) f Jarbx (-bc+ad) f
-bc+ad bc-ad be-af
- (7be+af) [d+ (‘F+ -
d a+bx a+bx
15]'1b3ccde2 17@ 17M
d(a+bx) f (a+bx)
_ -bc+ad
d d(-be+af)
EllipticF [i ArcSinh| B }/
Va+bx (-bc+ad) f
-bc+ad bc-ad be-af ) 2 2 2 -bc+ad
-— [d+ ('F+ +|151ab“Cd e 1-——
d a+bx a+bx d(a+bx)

_ -bc+ad
-be+af e . . \ ¢ d(-be+af)
1- ————— EllipticF[i ArcSinh] B ] /
f (a+bx) Ja+bx (-bc+ad) f
-bc+ad
+|5ib’°Bcdef [1-——
_ -bc+ad
-be+af N . ¢ d(-be+af)
1- ————— EllipticF[i ArcSinh] B ] /
f (a+bx) Ja+bx (-bc+ad) f

bc-ad be-af
[d+ ['F+

a+bx a+bx

—_—
-
I
I
o
N
Qg
]
a
-
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-bc+ad bc-ad be-af ) N
-— [d+— [f+7 +|201ab“cCdef
d a+bx a+bx
_ -bc+ad
-be+af o . . d d(-be+af)
1- ————— EllipticF[i ArcSinh] s ] /
f(a+bx) Ja+bx (—bc+ad>f
-bc+ad bc-ad be-af ) 3 0
- (d+ ['F+7 +|1Ab°d“ef
d a+bx a+bx
_ -bc+ad
-be+af L. . . d d(-be+af)
1-———— ElllpthF[JlAr‘CSIHh[ ], /
f(a+bx) Va+bx (-bc+ad) f
-bc+ad bc-ad be-af ) SR
o [d+4————r[f+4———— - |6iab*Bd°ef
d a+bx a+bx
_ -bc+ad
-be+af o ] d d(-be+af)
1-—— ElllpthF[jAr‘cSmh[ ], /
f (a+bx) Ja+bx (-bc+ad) f
-bc+ad bc-ad be-af . )
- [d+ ('F+7 -|191a“bCd°ef
d a+bx a+bx

-be+af

_ -bc+ad
d d(-be+af)
1- ————— EllipticF|i ArcSinh| ] ] /

f (a+bx) Vaibx  (-bcwad)f
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-bc+ad bc-ad be-af . 3 )
_-bcrad [d+— [hi _laiAbdcdf
d a+bx a+bx
_ -bc+ad
-be+af o . . d d(-be+af)
1- ————— EllipticF[i ArcSinh] s ] //
f(a+bx) Ja+bx (—bc+ad>f
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_ -bc+ad
- _ d
2iatbpare 1o 234y Peraf oy iR (s Aresinh [,
d(a+bx> f(a+bx) Ja+bx
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_ _ d
giatcare 1o 229y Beraf pyyy iR i Arcsinh[ ],
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Problem 73: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

bx)>?% (A+Bx+Cx2
J(a+ x) (+ X + X)dlx

Ve+dx Ve+ fx

Optimal (type 4, 838 leaves, 9steps):
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56 1 b3 B d? e? 2 1—M I_M EllipticE[i ArcSinh| ———],

d(a+bx) f (a+bx) Ja+tbx



Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb | 157

_-bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af )
[ [-———— (—be+af)\/(d+ (f+ - |721ab*C
d a+bx a+bx
_-bc+ad
-bc+ad -be+af d
d*e*f* J1-————— [1-————— |EllipticE[iArcSinh|———],
d(a+bx) f (a+bx) Va+bx
_ -bc+ad
d(-be+af) d d(-be+af)
———————] -~ EllipticF[i ArcSinh| » /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af .
[ },7 (be+af)J(d+ (f+ + 401 b3c2C
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af o _ . d
def® |[1- ——— 1-—— ElllptlcE[1Ar‘CSlnh[4],
d(a+bx) f (a+bx) Varbx
_ -bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF[i ArcSinh]| s ] /
(—bc+ad)f a+bx (—bc+ad)f
-bc+ad bc-ad be-af ,
-———— (-be+af) (d+ (f+ - |49ib’Bc
d a+bx a+bx




158 | Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb

_ -bc+ad
s 3 -bc+ad -be+af d
d e f 1-—— 1-——— EE——

EllipticE i ArcSinh|
d (a +b X)

f (a+bx) Jaibx

]

_ -bc+ad
d(-b f d d(-b f
w}EllipticF[jArcSinh[ | [-be-a >] /
(-bc+ad) f Jaribx (-bc+ad) f
[ -bc+ad \/ bc-ad be-af . 2
- (7be+af) (d+ ('F+ -|621ab“cC
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af o . . d
d*ef® [1- ———— [1- ———— |EllipticE[iArcSinh[——],
d(a+bx) f (a+bx) Va+bx
_ -bc+ad
d(—be+a-F) d d(—be+aF)
——————"| - EllipticF[i ArcSinh]| ] /
(7bc+ad)f a+bx (7bc+ad)1C
-bc+ad bc-ad be-af
- (—be+af) (d+ ('F+ +
d a+bx a+bx

s

-bc+ad
33 3 -bc+ad -be+af o . . \/ d
70iAb’d?ef® [1-——— [1-———— |EllipticE[iArcSinh|———

d(a+bx) f (a+bx) Jaibx

_ -bc+ad

d(-be+af) d d(-be+af)
——————| - EllipticF|i ArcSinh| ) ] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af ,
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Problem 74: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+bx (A+Bx+Cx2)
\/C+dx \/e+-Fx

dx

Optimal (type 4, 528 leaves, 8 steps):
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. -bc+ad -be+af N . : ‘
2ia’cd*f [1- 1- EllipticE[i ArcSinh| ———],
d(a+bx) f(a+bx) vJa+bx
_-bc+ad
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-bc+ad bc-ad be-af
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d a+bx a+bx

]
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. 5 -bc+ad -be+af o , . \/ d
4ibCd?ef [1- 1- EllipticF|i ArcSinh| ———

d(a+bx) f(a+bx) Jaibx

d(-be+af) “bc+ad bc-ad be-af
SR / _—2craf [d+ [f+ -
(—bc+ad)-F d a+bx a+bx
_7bc+ad
. 5 -bc+ad -be+af s . . ‘
4ibcCdf? [1- 1- EllipticF|[i ArcSinh|[ ———],
d(a+bx) f(a+bx) vVa+bx
d(-be+af) “bc+ad bc-ad be-af
7} / - [d+ ('F+ +
(7bc+ad)f d a+bx a+bx

]

-bc+ad
. . -bc+ad -be+af L , . \ d
5ibBd?’f* [1- ———— [1-————— EllipticF[iArcSinh[———
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be-af
('FJr
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_ -bc+ad
i -bc+ad -be+af N : . ‘
2iacd’f |[1-——— [1-—— E111pt1cF[1Ar‘c51nh[7},
d(a+bx) f (a+bx) Jaibx

be-af
['F+

a+bx

d(fbe+af)} / -bc+ad [d bc-ad
T - +
(-bc+ad) f d a+bx

Problem 75: Result unnecessarily involves imaginary or complex numbers.

dx

J A+Bx+Cx?
Va+rbx Vec+rdx VerFfx

Optimal (type 4, 387 leaves, 7 steps):
2CVa+bx Vc+dx Ve+fx

3bdf
b(c+dx>
2VTH?T§E{2aCdf7b(3Bdf72c(de+cfﬂ) 7;——?T»JET??
C-a
N bc-ad)f b £
EllipticE[ArcSin[\/? a+bx s ( c-a ) ]/ 3b2d¥2 62/ Crdx M N
V-bc+ad d(be-af) be-af

Zm(acf(decf)b<3d-F(BeAF)Ce(zde+cf>)>\/bb<c+d:> \/bb<e+f;)

Vd vJa+bx (bc-ad) f
v-bc+ad " d (be-af)

EllipticF[ArcSin| ] /(3b2d3/2-F2\/c+dx \/e+fx>

Result (type 4, 418 leaves):
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1
3p3d2f2/c+dx Ve +Ffx

Vva+bx

2 b2 (—3deF+2aCd-F+2bC (de+cf)) (c+dx) (e+fx)

2b2Cdf(c+dx) (e+Fx)f +
a+bx
b d
21 |-as2C df (3bBdf-2aCdf-2bC (de+cf))Varbx blerdx)
d d(a+bx)
7a+b—°
ble+fx) . ¢ bde-adf 1
———— EllipticE[i ArcSinh]| , ]+
f(a+bx) Varbx | bef-adfl T

2ibf (aCd(-de+cf)+b(2c*Cf+3Ad>f+cd(Ce-3Bf)))/a+bx

-a+ be
b (c+dx) b (e+fx) o ) d bde-adf
EllipticF [i ArcSinh| ] ]

d(a+bx) \/ f(a+bx) Jaibx  bcf-adf

Problem 76: Result unnecessarily involves imaginary or complex numbers.

J A+Bx+Cx? 4
X
(a+bx)3/2\/c+dx e+ fx

Optimal (type 4, 422 leaves, 7 steps):
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2 (Ab*-a (bB-acC)) Ve+rdx Ve fx

b(bc-ad) (be-af)a+bx

2 (2a*cdf+b? (cCe+Adf> -ab (Cde+ch+BdF))

b d / bc-ad) f
M\/ewa EllipticE[Ar‘cSin[ﬁ a+bx , ( c-e ) ]/
bc-ad V-bc+ad d(be-af)
b(e+'FX)
b>\/d /-bc+ad f(be-af)/c+dx s |
e-a

b (c+dx) \/b(e+fx)

bc-ad be-af

Z(ac(dec-F)b(cCeBcf+AdF))\/

Vd vJa+bx (bc-ad) f
V_-bc+ad " d (be-af)

EllipticF[ArcSin|

] /(bz\/?\/_bc“—ﬂd f/c+dx \/E+-Fx)

Result (type 4, 477 leaves):
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1
b> (bc-ad) (be-af)Va+bx Vc+dx Ve+fx

2|67 (Ab*a (-bBac)) [codx) (e fx]

b* (2a*Cd f+b? (cCe+Adf) -ab (Cde+cCF+BdF)> (c+dx) (e+fx)+

—a+2c
b (c+dx) b (e+fx) o . d bde-adf
ElllpthE{n Ar‘cSmh{ ] 4

d(a+bx) \/ f(a+bx) Jaibx = bcf-adf
! ib(-bc+ad) (aC(de-cf)+b(cCe-Bde+Adf)) (a+bx)??
7a+bdfc d
—a+ e
b (c+dx) b (e+fx) d bde-adf
EllipticF [i ArcSinh| B ]
d(a+bx) \| f(a+bx) Jaibx  bcf-adf

Problem 77: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+Bx+Cx2 4
X
(a+bx)5/2\/c+dx Ve rfx

Optimal (type 4, 642 leaves, 8steps):
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2 (Ab*-a (bB-acC)) Ve+rdx Ve fx
3b(bc-ad) (be-af) (a+bx)3/2
(2 (2a°Ccdf+ab? (6cCe+Bde+Bcf—4AdF) - b3 (38ce—2A(de+cf)) +

azb(Bd-F—4C(de+c-F)>)\/c+dx \/e+fx)/(3b(bc—ad)2 (be—a-F)Z\/aerx)—

2+/d (2a’Ccdf+ab? (6cCe+Bde+Bcf—4AdF) - b3 (3Bce—2A(de+cf)) +

b (c+dx)

a’b (Bdf-4C (de+cf
Barac(aerce))) |2l

VG’METEIT <bc—ad)f}//

Ve +fx EllipticE|ArcSin| ,
A -bc+ad d(be—a'F)

b f
3b (-bc+ad)?’? (be-af)?/c+dx b(EH;) -
e-a

2 (a*Cd (de—cf) - b? (3c2Ce—3Bcde+2Ad2e+Ach) +

b (C+dX)

ab(3(c2C+Ad2)f—Bd<de+2cf))> " y
c-a

b £ \/ bc-ad)] f
M EllipticF[Ar‘cSin[ﬁ arbx | (bc-ad) /
be-af V_bc+ad d(be-af)

(302Vd (-bcrad)®? (be-af)Verdx Verfx|

Result (type 4, 4349 leaves):

va+bx Ve+dx e+ fx

2 (Ab2-abB+a?C
- ( 2 ‘e ) —<2(3b3Bce—6abche—ZAb3de—abZBde+
3b(bc-ad) (be-af) (a+bx)?

4a2dee—2Ab3cf—aszcf+4a2bch+4aAb2df—aszdf—2a3Cdf))/
1
3b* (bc-ad)? (be-af)?

(3b (bc—ad)2 (be—af)2 (a+bx>) +

2 “3b3Bce—6ab2cCe—2Ab3de—aszde+4a2dee—2Ab3cffabZBcf+
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bc ad
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d f
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be af
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be af
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bc ad
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s
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d(-b f d d(-b f
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-bc+ad bc-ad be-af
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- (7be+af) [d+ (‘F+ -
d a+bx a+bx

s

_ -bc+ad
R -bc+ad -be+af d
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— _ d
sivtece |1- 229y Peraf i tick (i Aresinn[ ],
d<a+bx) f(a+bx) vJa+bx

d(be+af)}/ -bc+ad [d bc-ad (f be-af
_— - + + +
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-bc+ad -be+af v/ d
3iabCde |[1-———— [1-———— EllipticF|iArcSinh|—-——],
d(a+bx) f (a+bx) Va+ibx
d(—be+af)}/ -bc+ad [d bc-ad (f be-af
_— - + + +
(-bc+ad) f d a+bx a+bx
~ -bc+ad
-bc+ad -be+af d
3iabcCf [1-———— [1-———— EllipticF|iArcSinh|[———],

d(a+bx) f (a+bx) VJa+bx

d(—be+a1°) “bc+ad bc-ad be-af
7/ _berad [d+ (-F+ .
(-bc+ad) f d a+bx a+bx
_ -bc+ad
o _bc+ad _be+af L , . d
iAb*df [1- ———— [1-————— EllipticF[iArcSinh| ———],
d(a+bx) f (a+bx) Ja+bx
d(-be+af) “bc+ad bc-ad be-af
7}/ LR L [d+ [f+ -
(7bc+ad)1c d a+bx a+bx
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_ -bc+ad
. -bc+ad -be+af L . . d
iabBdf |[1-——— [1-————— EllipticF[iArcSinh|———],

d(a+bx) f (a+bx) Va+bx

d(be+af)}// -bc+ad P bc-ad
T - +
(-bc+ad) f d a+bx

be-af
['F+

a+bx

_ -bc+ad
., -bc+ad -be+af L . . d
2ia’Cdf [1-———— [1-——"— EllipticF|i ArcSinh[——],
d(a+bx) f(a+bx> Ja+bx

d(fbe+aﬂ} // -bc+ad [d bc-ad
_ -— +
(—bc+ad)f d a+bx

be-af
['F+

a+bx

Problem 78: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+Bx+Cx>2 4
X
(a+bx>7/2\/c+dx Ve + fx

Optimal (type 4, 1116 leaves, 9 steps):
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Z(Abz—a(bB—aC))\/c+dx Ve + fx
) 5b(bc-ad) (be-af) (a+bx)*?
(2 (2a°Cdf+ab* (l0cCe+Bde+Bcf-8Adf) -b’> (5Bce-4A (de+cf))+
3a%b (Bdf-2C (de+cf)))Verdx Verfx |/
(15b(bc—ad)2(be—af)2(a+bx)3/2)+(2<2a4Cd2-F2+a3bdf(38df—7C(de+cf))—
b* (8Ad*e*-cde (10Be-7Af) +c? (15Ce*’-10Bef+8Af*)) -
ab’ (d°e (2Be-23Af) -2c’f (5Ce-Bf)-cd(16Ce’-33Bef+23AF%)) -
a’b? (C (3d’e*-13cdef+3c*f?) +df (23Adf-7B (de+cf)))) Vc+dx \/e+fx)/

(15b (bc-ad)? (befaf)3\/a+bx)+

1

15b% (-bc+ad)®? (be-af)>/crdx | olefx
be-af

2+/d (2a*Cd?>f?+a’bdf (3Bdf-7C (de+cf)) -
b* (8Ad*’e*-cde (16Be-7Af) +c? (15Ce*-10Bef+8AF%)) -
ab’ (d®e (2Be-23Af) -2c*f (5Ce-Bf) -cd(16Ce*-33Bef+23Af%)) -
a’b? (C (3d*e*-13cdef+3c*f?) +df (23Adf-7B (de+cf))))

b d ~/ bc-ad) f
M Ve+fx EllipticE[Ar‘cSin[\/? arbx | (bc-ad) ]+

bc-ad J-bc+ad d(be-af)
1
15b% (-bc+ad)”? (be-af)?+/c+dx Ve+fx

2+/d (a3Cd-F(de—c-F) +b3 <8Ad2e2—cde (leBe—3Af) +c? (15Ce2—SBef+4Afz>) +
ab’ (d*e (2Be-19Af) -c*f (206Ce-Bf) -cd (10Ce*-27Bef+11Af*)) -
3a’b (df (2Bde+3Bcf-5Adf) -C (d2e2+cdef+3c2f2)))

b d b f \/ bc-ad) f
(e dx) e+ fx) EllipticF [ArcSin| Vd Varbx s (bc-ad) ]
bc-ad be-af V-bc+rad d(be-af)

Result (type 4, 8844 leaves):

Va+bx VJcrdx Ve+fx
2 (Abz—abB+a2C)

- -(2(5b’Bce-10ab’cCe-4Ab’de-ab’Bde+
5b(bc-ad) (be-af) (a+bx)3
6a2dee—4Ab3cF—abZBcf+6a2bch+8aAb2df—3a2deF—2a3CdF))/
1
15b (bc-ad)’ (be-af)® (a+bx)
2 (15b*c*Ce*-10b*Bcde*-10ab>cCde®+8Ab*d*e*+2ab’Bd* e’ +3a’b’>Cd*e® -
10b*Bc?ef-10ab>c?Cef+7Ab*cdef+33ab>Bcdef-13a2b?cCdef-
23aAb’d’ef-7a’b?Bd?’ef+7a’bCd?’ef+8Ab*c2f2+2ab3Bc?f2+3a%b2c?2C2-

(15b (bc-ad)? (be-af)? (a+bx)?) -

23aAb’cdf?-7a’b’Bcdf?+7a’bcCdf’+23a*Ab’d*f*-3a’bBd* f*-2a*Cd*f*) | +
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1 1
2df

3 3
150 (be-2d)’ [pe-af) won (o] [, won e
df . [ c+ . e+ b
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23aAb’cdf?-7a’b*Bcdf’+7a’bcCdf’+23a*Ab’d* f*-3a’bBd* f*-2a*Cd*f?)

3/2 bc ad be af
(a+bx) (d+ - f+ -
a+bx a+bx a+bx a+bx

1

(a+bx) [d- 2% (a+bx) [F-2F
df./c+ — e+ )

+

(-bc+ad) (-be+af) (a+bx]

be af
n _
a+bx a+bx

- ‘151b4c2Ce2-F

_ -bc+ad
besaf d d(-be+af)
1- "% |EllipticE[i ArcSinh| |5 ] -
f(a+bx) v az+bx (—bc+ad)f
_ -bc+ad
d d(-be+af
E1lipticF[i ArcSinh| ] bea )} /

Jaibx  [(-bc+ad)f

bc-ad be-af
(—be+af) (d+ (f+7 +
a+bx a+bx
_ -bc+ad
_— 5 -bc+ad -be+af L . . d
10ib*Bcde’f [1- ———— [1-———— |EllipticE[iArcSinh[——],

d(a+bx) f(a+bx) Jaibx



184 | Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb

_-bc+ad
d(-be+af) o ) d d(-be+af)
——————| - EllipticF i ArcSinh| | //
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (—be+af)\/(d+ ('F+ +|101ab3c
d a+bx a+bx
_ -bc+ad
-bc+ad -be+af . . . . ¢
cde’f [1- ————— [1- ————— |EllipticE[i ArcSinh[ ———],
d(a+bx) f(a+bx) Va+bx
-bc+ad
d(-be+af) S d(-be+af)
———————] -~ EllipticF[i ArcSinh| » ] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[/ (be+af)J(d+ (f+ -
d a+bx a+bx

]

_ -bc+ad
a4 o -bc+ad -be+af d
8iAb*d e f |1-——— 1-—— _—

EllipticE[i ArcSinh|
d(a+bx) f (a+bx) Va+bx

_ -bc+ad
d(-be+af) d d(-be+af)

| - EllipticF[i ArcSinh| | ] //
(-bc+ad) f Jaibx  [-bcrad)f

-bc+ad bc-ad
-— @be+af) (d+
d a+bx

-bc+ad
A, -bc+ad -be+af o , . \/ d
2iab’Bd“e’f |[1-——— 1-——— E111pt1cE[1Arc$1nh[4———————f

be-af
('F+

a+bx

d(a+bx) f(a+bx) Jaibx )



Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb | 185

_-bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| | /
(-bc+ad) f Ja+bx (-bc+ad) f
-bc+ad bc-ad be-af )
-——— (-be+af] (d+ (f+ - |3ia’b*C
d a+bx a+bx
77bC+ad
-bc+ad -be+af . . . . i
d?e*f |[1-————— [1-————— |EllipticE[iArcSinh[———],
d(a+bx) f (a+bx) Va+bx
_ -bc+ad
d(-b f d d(-b f
w}EllipticF[jArcSinh[ | [be-a )] /
(-bc+ad) f Va+ibx (-bc+ad) f
-bc+ad bc-ad be-af
-— Qbe+af) (d+ (f+ +
d a+bx a+bx

d(a+bx) f (a+bx) Vaibx )

-bc+ad
Cae o o -bc+ad -be+af L . . \/ d
10ib*Bcef? [1-———— [1-———"— |EllipticE|i ArcSinh[———

_ -bc+ad
d(-b f d d(-b f
&}—EllipticF[jAr‘cSinh[ s (-be+a >] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af , )
-——— (-be+af] (d+ (f+ +|10iab’c
d a+bx a+bx

_ -bc+ad

5 -bc+ad -be+af L . . d
Cef 1-——r 1-— E111pt1cE[1 Ar‘c51nh[7],
d(a+bX) f<a+bX) «/a+bx




186 | Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb

EllipticE[i ArcSinh|

d(—be+a-F)] /

(—bc+ad)1:

_ -bc+ad
d

\Va+bx L

d (7be+af)

_-bc+ad
d(-be+af) d
——————| - EllipticF i ArcSinh| |
(-bc+ad) f Va+bx
-bc+ad bc-ad be-af
[ - (—be+af)\/[d+ (‘F+
d a+bx a+bx
) -bc+ad -be+af
7iAb*cdef® |1-— 1-——-
d(a+bx) f (a+bx)
_ -bc+ad
d(-be+af) d
——————] - EllipticF[i ArcSinh|
(-bc+ad) f a+bx
-bc+ad bc-ad be-af
-— (—be+af) (d+ ('F+
d a+bx a+bx

) -bc+ad
cdef 1-—
d(a+bx)

1 -be+af
f(a+bx)

EllipticE[i ArcSinh|

(—bc+ad)f] //

- 1331ab3B

~ -bc+ad
d

Vva+bx

]

_7bc+ad
d(-be+af) d
—————"| - EllipticF[i ArcSinh]| |
(-bc+ad) f Vaibx
-bc+ad bc-ad be-af
-— (—be+af) (d+ (f+
d a+bx a+bx

-bc+ad

131a’b?cCdef? |1-
d(a+bx)

1 -be+af
-F(a+bx)

d(-be+af)
(-bc+ad) -F] /



Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb | 187

_ -bc+ad
d ] d(—be+a'F>

Jaibx  [-bcsad)f

\/_mdiwd | d (-be+af)} /

Jaibx (-bc+ad) f

EllipticE[i ArcSinh|

]_

EllipticF[i ArcSinh|

-bc+ad bc-ad be-af
- (7be+af) (d+ (f+ +
d a+bx a+bx
, 3 2 -bc+ad -be+af
23iaAb’d‘ef 1-——— 1-—
d(a+bx) 'F<a+bx)

[\/ o ) d(-be+af)

Ja+bx (-bc+ad) f

EllipticE[i ArcSinh

] -

_ -bc+ad
d d(-be+af)
EllipticF[i Arcsinh| | ] /
a+bx (-bc+ad) f

be-af
('F+

-bc+ad bc-ad
-——— (-be+af] (d+
d a+bx a+bx

2120 a2 2 -bc+ad -be+af
71a°b“Bd“ef 1-——- 1-——
d(a+bx) f(a+bx)

_ -bc+ad
d ] d(-be+af)

Jaibx (-bc+ad) f

EllipticE|i ArcSinh|

] -



188 | Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb

77bcd+ad d(-be+af)
JETBQ'})(—bc+ad)f} //

EllipticF[i ArcSinh|

-bc+ad bc-ad be-af
[ - (—be+af)\/[d+ (‘F+ -
d a+bx a+bx
_ -bc+ad
. -bc+ad -be+af L , . d
7ia’bCd’ef? [1-———— [1-——— |EllipticE[iArcSinh[———],
d(a+bx) f (a+bx) Jaibx
_ -bc+ad
d(-be+af) d d(-be+af)
——————] - EllipticF[i ArcSinh| ] /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (be+af)\/(d+ ('F+ -
d a+bx a+bx

]

_ -bc+ad
4 5.3 -bc+ad -be+af L . . d
81Ab%c f 1- 1- E111pt1cE[1Ar‘c51nh[7

d(a+bx) f (a+bx) Va+bx

_ -bc+ad
d(fbe+a'F) d d(—be+aF)
——————"| - EllipticF[i ArcSinh]| s ] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
o - (—be+a'F> (d+ ('F" -
d a+bx a+bx

d(a+bx) £ (a+bx) Jaibx J

-bc+ad
3 2.3 -bc+ad -be+af L , . \ d
2iab*Bc?f [1-——— [1-———— [EllipticE[i ArcSinh| ———



Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb | 189

_-bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (—be+af)\/[d+ (‘F+ -
d a+bx a+bx
_ -bc+ad
- _ d
siatprcrep 1o 2629y berd eyyptice]i Aresinh [ ],
d<a+bX) 'F(a+bX> vJa+bx
-bc+ad
d(-be+af) o d(-be+af)
——————] - EllipticF[i ArcSinh| , ] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ -— (be+af)\/(d+ ('F+ +
d a+bx a+bx

s

-bc+ad
. R 3 -bc+ad -be+af L . . \/ d
23iaAb’cdf 1-— 1-—— E111pt1cE[1Ar'c51nh[7

d(a+bx) f(a+bx) Va+bx

-bc+ad
d(-be+af) d d(-be+af)
——————"| - EllipticF[i ArcSinh]| s ] /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
-——— (-be+af) (d+ (f+ +
d a+bx a+bx

s

_ -bc+ad
P 3 -bc+ad -be+af d
71a*b*Bcdf 1-—F 1-— _—

EllipticE[i ArcSinh|
d (a +b X)

f(a+bx) v az+bx



190 | Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb

_-bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| ) /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (—be+af)\/[d+ (‘F+ -
d a+bx a+bx
_ -bc+ad
. -bc+ad -be+af s . : ‘
7ia’bcCdf® [1-———— [1-———— |EllipticE[iArcSinh|———],
d(a+bx) f (a+bx) Va+tbx
-bc+ad
d(-be+af) o d(-be+af)
——————] - EllipticF[i ArcSinh| , ] /
(-bc+ad) f a+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (be+af)\/(d+ ('F+ -
d a+bx a+bx

15

-bc+ad
212 42 3 -bc+ad -be+af .. _ . \ d
23ia?Ab?d?f |1- ———— [1-——— |EllipticE[iArcSinh|——

d(a+bx) f (a+bx) Va+bx

-bc+ad
d(-be+af) d d(-be+af)
——————"| - EllipticF[i ArcSinh]| s ] /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
-——— (-be+af) (d+ (f+ +
d a+bx a+bx

]5

_ -bc+ad
5 ) o3 -bc+ad -be+af d
31a°bBd°f 1-— 1-—F— _—

EllipticE[i ArcSinh|
d (a +b X>

f(a+bx) az+bx



Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb | 191

_-bc+ad
d(-be+af) d d(-be+af)
——————| - EllipticF i ArcSinh| | /
(-bc+ad) f Ja+bx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (—be+af)\/[d+ (‘F+ +
d a+bx a+bx
_ -bc+ad
a3 -bc+ad -be+af o , . \/ d
2ia*Cd?f |[1- 1- EllipticE[i ArcSinh|[ ———],
d(a+bx) f (a+bx) Va+tbx
-bc+ad
d(-be+af) o d(-be+af)
——————] - EllipticF[i ArcSinh| ] /
(-bc+ad) f Vaibx (-bc+ad) f
-bc+ad bc-ad be-af
[ - (be+af)\/(d+ ('F+ -
d a+bx a+bx

]

-bc+ad
s -bc+ad -be+af L . . \ d
5ib°Bcdef |1-——— 1-—F— E111pt1cF[1Arc51nh[7

d(a+bx) f (a+bx) Ja+ibx

d(-be+af) -bc+ad bc-ad be-af
alveent)| /| | berad g, - :
(-bc+ad) f d a+bx a+bx
_ -bc+ad
. , -bc+ad -be+af .. . . ‘
1@iab’cCdef [1-——— [1-———— EllipticF[iArcSinh[———],
d(a+bx) f (a+bx) Va+bx
d(-be+af) ~bc+ad bc-ad be-af
7}/ -— [d+ ('F+ +
(-bc+ad) f d a+bx a+bx




192 | Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb

_ -bc+ad
i -bc+ad -be+af . . . ¢
4iAb*d?’ef [1-——— [1-———— EllipticF[iArcSinh|———],
d(a+bx) f(a+bx) Ja+bx
d(-be+af) ~bc+ad bc-ad be-af
dberat)y) | [ cbeoss [, pecsg) :
(-bc+ad) f d a+bx a+bx
_ -bc+ad
. -bc+ad -be+af s . . ‘
iab?’Bd’ef [1-——— |1-————— EllipticF[iArcSinh|———],
d(a+bx) f(a+bx) Ja+bx
d(-be+af) ~bc+ad bc-ad be-af
7/ _tocrad [d+ (f+ .
(-bc+ad) f d a+bx a+bx

_ -bc+ad
-bc+ad -be+af d

6ia’bCd?’ef [1-—— [1-———— EllipticF[iArcSinh| |
d(a+bx) f (a+bx) Va+bx
d(-be+af) -bc+ad bc-ad be-af
cliperadlyl /) [ocbered (g, - .
(-bc+ad) f d a+bx a+bx

_ -bc+ad
d

-bc+ad -be+af L .
4iAb*cdf?® [1- ———— [1-———— EllipticF[iArcSinh| B
d(a+bx) f (a+bx) Vaibx
d(-be+af) -bc+ad bc-ad be-af
7/ _-ocrad [d+ (-F+ .
(-bc+ad) f d a+bx a+bx




Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb | 193

_ -bc+ad
. -bc+ad -be+af c . . . ‘
iab’Bcdf?® |[1- ————— |1- ———— EllipticF[iArcSinh| ———],
d(a+bx) f(a+bx) Ja+bx
d(-be+af) ~bc+ad bc-ad be-af
dberat))) /| | cberad [j, beoady _
(-bc+ad) f d a+bx a+bx
_ -bc+ad
. -bc+ad -be+af L. , . \ d
6ia’bcCdf® [1-——— [1-—————— EllipticF[iArcSinh|———],
d(a+bx) £ (a+bx) Jaibx
d(-be+af) ~bc+ad bc-ad be-af
7/ _—pcxad [d+ (f+ -
(-bc+ad) f d a+bx a+bx
_ -bc+ad
) -bc+ad -be+af .. . . \ d
8iaAb?d*f? [1- ———— [1- ————— EllipticF[iArcSinh[———],
d(a+bx) f (a+bx) Va+bx
d(-be+af) -bc+ad bc-ad be-af
7/ _ocrad [d+ (-F+ .
(-bc+ad) f d a+bx a+bx
~ -bc+ad
' -bc+ad -be+af . . . v ¢
3ia’bBd*f? |[1- ——— [1- ———— EllipticF[iArcSinh| ———],
d(a+bx) f (a+bx) VJa+bx
d(-be+af) -bc+ad bc-ad be-af
7/ _ocrad [d+ (-F+ .
(-bc+ad) f d a+bx a+bx



194 | Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb

_ -bc+ad
i -bc+ad -be+af .. . . ¢
2ialCcd?f [1- 1- EllipticF[i ArcSinh| ———],
d(a+bx) f (a+bx) Vaibx

d(fbe+a-F)} / -bc+ad [d bc-ad
T - +

(1‘:+be—a1c
(7bc+ad) f

a+bx a+bx



Mathematica 11.3 Integration Test Results for 1.1.1.6 P(x) (a+b x)~"m (c+d x)~n (e+f x)"p.nb | 195

Summary of Integration Test Results

78 integration problems

A - 60 optimal antiderivatives

B - 0 more than twice size of optimal antiderivatives
C - 18 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



